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Abstract
This thesis presents a possible inflation scenario as a consequence of
non-minimal gravitational couplings in the Conformal Standard Model.
That model consists, in comparison to the SM, of additional right-chiral
neutrinos and a complex scalar sextet which, in distinction to the Higgs
boson, is not coupled to the SM particles. The inflation is driven by
two non-minimally coupled fields. One of those is the SU(2) Higgs-like
doublet and the second is associated with the trace of the sextet. These
two fields are related to the Higgs particle and “shadow”, heavier Higgs
via the mass mixing matrix. Since these type of models, with non-minimal
coupling(s), can match the observational data related to inflation, they
are of high interest. For this particular model, as it turned out, the tensor
to scalar ratio and spectral tilt match the current data for a wide range
of parameters. Also the unitary issue was adressed.
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2
1 Preface
Inflation started its career in the 80ties when it turned out that classical cos-
mology picture struggles with fine tuning of matter density i.e. very uniform
distribution of matter at the time of last scattering in circa 1084 disconnected
regions. The Universe must have started its history with very a special initial
state. Starobinsky [56] and Guth [21] argued that the possible solution to this
problem exists without fine-tuning the initial conditions. If one assumes that
at the very early stage of expansion of the Universe there was an accelerated
expansion era, which eventually went into the decelerated FLRW epoch, then
the fine tuning problem is solved. This solution of the problem is called infla-
tion but it introduced an issue of its own initial conditions what is under active
investigation nowadays.
There were many mechanisms proposed and discussed to generate the a¨ > 0
epoch just after the Big Bang. In general they can be divided into two groups:
one modifies the structure of gravity, while another proposes a particle physics
mechanism ensuring inflation. Following Starobisky (first) approach, acceler-
ated expansion originates from the addition of R2 term to the gravity lagrangian.
However, original article of Starobinsky discussed quite a different issue, namely
the initial singularity at the Big-Bang, and the R2 term came from the anomaly
rather than from the modification of gravity but it was later recognised as
a successful inflation scenario. Other proposal is to extend general relativ-
ity to Einstein-Cartan theory, where the torsion tensor doesn’t vanish. Then
that tensor gives strong repulsive behaviour of matter at the very beginning of
the Universe and one can derive the accelerated expansion within this theory
[10, 47]. However this attempt is far from being complete, it might have some
advantages. On the other hand accelerated expansion can be provided by scalar
field(s) satisfying certain conditions what will be described in section 3.2. If
these fields are in addition non-minimally coupled to gravity then it is an equiv-
alent mechanism to Starobinksy approach discussed in section 3.7. The recent
WMAP3 and PLANCK measurements discarded all the other approaches ex-
cept for Starobinsky, the equivalent ones and natural inflation.
Since the only observed (so far) fundamental scalar field in nature is the Higgs
field it is then a natural candidate for inflaton. However, the scenario with
minimally coupled Higgs driving inflation predicts much smaller self-coupling
than it was measured in LHC so the non-minimally coupled scenario with Higgs
particle as inflaton was investigated in [53]. It turned out that the current CMB
measurements agree with predictions of this model. From the particle physics
theory point of view Standard Model should be extended since it suffers from
numerous problems like the hierarchy problem. Then, even though pure Higgs
non-minimally coupled gives a successful inflation scenario, it should be anyway
supplemented by high energy SM extension to give a complete description.
There were many extension of Standard Model proposed, most popular being
supersymmetric ones, but there is also another direction, namely the Confor-
mal Standard Model [7, 30] and the latter is the subject of this thesis. This
extension not only solves hierarchy problem, using SBCS mechanism [7] but
also provides possible candidates for Dark Matter and gives natural explana-
tion to the baryogenesis via resonant leptogenesis [45]. Moreover, it preserves
the general structure of SM and can be valid up to Planck scale. It possesses
two Higgs-like particles mixed by the mass mixing matrix. They are natural
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candidates to be non-minimally coupled to gravity and to serve as inflatons.
There arises a question whether those candidates can provide a successful sce-
nario with parameters which don’t contradict the ones coming from CSM.
The purpose of this thesis is to investigate this model. The model is presented
in chapter 6.2. We show there that inflation driven by those particles can give
a successful scenario. Moreover, as far as the author is informed, there was
no previous analysis concerning non-minimal couplings to gravity in minimally
extended SM where the inflation was discussed on a concrete extended Stan-
dard Model candidate – most of the scenarios concerning multi-Higgs-like scalars
don’t involve a detailed extension of SM. Also, the natural way of solving uni-
tary issues and broad range of parameters for which inflation can occur are
advantages of this model. The mechanism of decoupling described in section
6.3 haven’t been discussed that way either. It seems also that this kind of rea-
soning can be justified in presence of more inflatons with different mass scales.
Therefore CSM supplemented by the inflation model, described below, can be
a complete theory up to the Planck scale, however it obviously has to be tested
experimentally.
The thesis is organised in the following way. In chapter 2 the main ideas of cos-
mology and general relativity are presented. The purpose of this chapter, besides
discussing those topics, is to adjust notation. Also the drawbacks of standard
Λ-CDM cosmology are presented in this chapter. The inflation hypothesis is
presented in chapter 3. Slow-roll conditions are discussed. The origin and spec-
trum of perturbations is addressed. The possible mechanism of causing inflation
are described with emphasis on Starobinsky inflation, as the most relevant sce-
nario for us. The following chapter 4 describes the Standard Model (SM) and
its problems. Higgs mechanism and Yang-Mills theory are described. The dis-
cussion of Conformal Standard Model as a successful extension of SM can be
found in chapter 5. The chapter 6.1 discusses the possibility of driving inflation
by non-minimally coupled Standard Model Higgs particle. Main results of the
thesis are presented in the section 6.2. Here the non-minimally multi inflaton
scenario in CSM framework is discussed. The role of chapter 7 is to summarize
the thesis and outline possible extensions of the work done here. Also another
possible mechanisms of causing inflation, which are already incorporated (or
naturally could be) in CSM, are outlined. In appendices reader can find ex-
tensions of topics raised in the thesis but not related to the main parts, like
f(R) gravity equations or the discussion of Quantum Field Theory in curved
spacetime.
1.1 Conventions
Units
We work in particle physics units, namely: ~ = c = 1. For discussion of
gravity and in context of Inflation, we will use the following normalisation:
M2P =
1
8piG = 1/κ ≡ 1, where M2P is called reduced Planck mass.
Three and four vectors
Four vectors will be written in cursive style xµ, have greek indices like x = (t, ~x),
and µ ∈ {0, 1, 2, 3}. Three vectors will be bolded p and spatial coordinates has
latin indices, so pi is the i-th coordinate, i ∈ {1, 2, 3}.
Signature
Tensor ηµν is defined as: ηµν = diag(+1,−1,−1,−1). The same is for signature
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of gµν . Then det (gµν) ≥ 0. However we will use
√|g| as square root of deter-
minant, to fit both conventions for signature of gµν .
Scale factor
For scale factor in FLRW metric we will use letter a. We introduce conformal
time as:
η =
∫
dt
a
. (1.1)
Then differentiation with respect to physical time will be noted as a˙, and with
respect to conformal: a′.
Metric
For the spatial part of metric hij symbol will be used, and |h| as its determinant.
Further, additional notation is discussed in detail in the following chapters when
needed.
2 Main ideas of Cosmology and General Rela-
tivity
This chapter is dedicated to presenting the main ideas of General Relativity and
Cosmology. Here the most important concepts and equations of these theories
are presented. The subject is obviously too broad to be presented in detail
so we restrain only to fundamental ideas. Much more details can be found in
specialistic books, for example [8, 22, 35, 42]. Derivations of geodesic equation
or Einstein equations from Einstein - Hilbert action, also for f(R) gravity, are
discussed in Appendix A.
2.1 Lorentzian Manifolds and Einstein equations
In this paragraph we will show how to construct General Relativity as theory of
Lorentzian manifolds satisfying certain postulates, following the famous Hawk-
ing Ellis book [22]. The level of precision, used in this book, exceeds much from
what we need to describe inflation, where only Einstein equations are needed.
However, the purpose is to give possibly wide background. Also the formalism
used by Hawking-Ellis gives a very simple and straightforward derivation of GR
as a theory with some well justified axioms, while the notation and definitions
of tensors are given in Appendix A. We start with some definitions:
Definition 1. Lorentzian manifold is a pair (M, g) where M is 4-dimensional
smooth Haussdorff manifold and g is a metric with Lorentz signature. We re-
quire that g depends smoothly on points of manifold M.
Two models (M, g) and (M′, g′) are called equivalent when there exists diffeo-
morphism θ : M → M′ such that: θ?g = g′. So we are considering a whole
class of equivalence of manifolds and metrics as our physical spacetime.
Definition 2. Lorentzian manifold is time-orientable, if there exists a contin-
uous timelike vector field η on M. Threesome (M, g, η) is called time-oriented
Lorentzian manifold / spacetime.
For a given metric gµν we calculate infinitesimal length squared as:
ds2 = gµνdx
µdxν (2.1)
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Definition 3. Path is a smooth map between an interval and manifold.
µ : I →M and is called regular, if it has everywhere non-vanishing derivative.
A curve is an image of equivalence class of paths due to reparametrisation.
The curve γ(t) is future/past/not oriented if: ∀t γ˙µ(t) is future/past timelike
or null, ie.:
• timelike: gµνuµuν > 0,
• zero (null): gµνuµuν = 0,
• spacelike: gµνuµuν < 0,
where:
γ˙α =
(
dxα
dλ
)
= uα. (2.2)
Postulate 0: Extremal path principle
Particles obey the extremal path principle, they choose the curve γ such that
its length is extremal:
δ
∫
γ
ds = 0, (2.3)
the equation following from this principle is called geodesic equation:
d2xµ
ds2
+ Γµνρ
dxρ
ds
dxν
ds
= 0, (2.4)
and the derivation can be found in appendix A.3. In our investigation we
separate gravity and matter, where we call matter everything which has non-
gravitational origin.
Postulate 1: Local causality
We postulate that, if U is a convex normal neighbourhood and p, q ∈ U , then a
light signal can be sent between p and q if and only if p and q can be joined by
by a C1 curve γ lying entirely in U and γ mustn’t vanish along the path, more-
over it mustn’t be spacelike. Equivalently let {xi}3i=0 be normal coordinates
around p (p as origin) in U , then only points satisfying:
(x0)
2 − (x1)2 − (x2)2 − (x3)2 ≥ 0,
can comunicate and this subset is called lightcone for point p. The structure of
the lightcone is presented on the figure below:
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Figure 1: Structure of a lightcone
The Figure was taken from: https://physics.stackexchange.com/questions/
25460/can-we-see-all-of-the-observable-universe.
Thus the boundary of the hyperspace is called null-cone Np and moreover when
Np is known, then the metric g is determined up to a conformal factor. The
further discussion of global properties of spacetime can be found in appendices,
which concerns Killing vectors and Cauchy surfaces.
Postulate 2: Local energy and momentum conservation
The matter fields are characterised by symmetric energy - momentum tensor:
Tµν , which depends on fields, derivatives of those and g. It has to satisfy fol-
lowing properties:
(a) Tµν vanishes on U if and only if all the matter fields vanish on U ,
(b) The covariant derivative of Tµν is zero - local conservation of energy and
momentum:
∇µTµν = 0.
Then conformal factor may be determined by the conservation of Tµν equation.
One can argue that postulates (a) don’t determine how to build Tµν , neither say
whether energy-momentum tensor is unique. However, if we can derive equation
of motion from a Lagrangian density (L), then symmetric energy-momentum
tensor in uniquely defined. Let us assume that Lagrangian depends on the field
φ and its first derivatives. Then the action is the following:
S =
∫
d4x
√
|g|L(φ, ∂µφ), (2.5)
If we require that the action be stationary then we obtain Euler-Lagrange equa-
tions:
δS
δφ
= ∂µ
∂L
∂ (∂µφ)
− ∂L
∂φ
= 0. (2.6)
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We also obtain symmetric Tµν using the expression:
δS
δgµν
=
∫
d4xTµνδgµν . (2.7)
The Tµν can contain any kind of matter eg. scalar field, electromagnetic field
or any other types of “matter”.
Postulate 3: Field Equations
So far we haven’t said anything about g metric relation to Tµν . In Special
Theory of Relativity we take ηµν = diag(+1,−1,−1,−1). Since the light rays
are deflected in the presence of huge masses we cannot introduce gravity as
additional field keeping metric conformally flat which was Nordstro¨m’s original
idea. Then we are left with one option, we need to introduce curvature of
spacetime. Now the problem arises how to relate metric to Tµν . Curvature
should only depend on the distribution of energy and momenta rather than the
type of matter. One can either discuss this problem as in [22] using physical
arguments, or simply write down Einstein-Hilbert action:
SEH =
∫
d4x
√
|g| (R+ Λ + Lm) , (2.8)
where Λ is dark energy term, which we will drop in the whole text (except for
discussion of de-Sitter solution) and Lm is the matter part lagrangian density.
By variation for gµν of the action we obtain Einstein field equations using (2.7):
Rµν +
1
2
Rgµν + Λgµν = Tµν , (2.9)
where R is Ricci scalar and Rµν is Ricci tensor, the details and derivation are
presented in the appendix A. We formulate the following postulate:
gµν satisfies Einstein equations.
The left and right hand side of equations are completely divergenceless, which
means that energy is conserved for gravity in absence of matter and for non-
zero Tµν . There arises a question, whether EH action is unique and whether
it is the only well defined action for gravity. The answer is given by Lovelock
theorem and is discussed in section A.4. Now we will describe solutions, which
are fundamental from the view of cosmology, namely the ones which satisfiy
Cosmological Principle.
2.2 Friedmann-Lemaˆıtre-Robertson-Walker cosmology
Cosmology is a part of physics which applies fundamental theories, mainly Gen-
eral Relativity and various theories of particles, to understand how the Universe
was born, how it developed and how will it end. All the cosmological models
follow from one fundamental assumption called the Copernicus Principle or Cos-
mological Principle, which says: The Universe is homogeneous and isotropic in
large scales. Homogeneity means that the Universe has the same matter dis-
tribution everywhere. Isotropic property says that Universe looks the same in
every direction. Cosmic microwave background shows that these assumptions
are satisfied in general up to very small deviations. The origin of such homoge-
nous Universe and generation of tiny anisotropies is still under investigation.
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The main theory explaining it is inflation which will be described in chapter 3.
Most of the Universe energy density (around 70%) is now in the form of cosmo-
logical constant. Cosmological constant is probably equivalent to dark energy
in a form of perfect fluid with negative pressure spreading across the Universe.
The rest thirty percent is matter but again almost 80% of it is in a form of so
called dark matter which doesn’t (or almost doesn’t) react with electromagnetic
field. We actually don’t know what this dark matter or dark energy actually is.
These are questions among ones of the biggest puzzles of cosmology nowadays.
Still on large distances we can approximate all of them as fluids with certain
relation between pressure and energy which is homogeneous and isotropic. So
we can analyse their gravitational behaviour (for ordinary matter, dark matter
or cosmological constant) with the advantage of the Cosmological Principle and
apply it to the metric – then instead of 10 equations we get two. To satisfy this
principle we have to assume that our metric is of the form:
ds2 =
[
dt2 − a2(t)hijdxidxj
]
, (2.10)
and in isotropic, homogenous models the only choices of non-vanishing compo-
nents of hij (in spherical frame with dR, dθ, dϕ as basis) are:
h11 =
1
1−kR2 , h22 = R
2, h33 = R
2 sin2 θ, (2.11)
where k = ±1, 0 is curvature of space related to hij and |h| = det(hij). If
we change the variables using: dχ2 = dR
2
1−kR2 , we can easily write down the
equations for the 3d spatial metric, expressing them using k:
ds23d = a
2(dχ2 + Φ2(χ)dΩ2) ≡ a2
dχ2 +
 sinh2 χχ2
sin2 χ
 dΩ2
 k = −1;k = 0;
k = +1,
(2.12)
where: dΩ2 = (dθ2 + sin2 θdϕ2). However, the curvature of Universe is almost
negligible. The reason why is it so is a puzzling issue, it is one of the problems
of initial conditions in cosmology solved by inflation. The energy-momentum
tensor Tµν takes perfect fluid form characterised by: energy density ε, pressure p
and 4-velocity uµ, where relation p(ε) needs to be specified in a concrete model:
Tµν = (ε+ p)u
µuν − pδµν , (2.13)
for (2.10) the only non-vanishing parts of metric are:
g00 = 1, gij = −a2(t)hij , g00 = 1, gij = − 1a2(t)hij . (2.14)
Then the Christoffel symbols of second kind are (2.10, 2.11):
Γi0j =
1
2
gik
∂gjk
∂t
=
a˙
a
δij , (2.15)
Γ0ij =aa˙hij . (2.16)
Ricci tensor has following components:
R00 =− 3 a¨
a
, (2.17)
R0i =0, (2.18)
Rij =(a¨a+ 2a˙
2 + 2k)hij , (2.19)
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and Ricci scalar is:
R = gµνRµν = R00 − 1
a2
δijRij = −6
(
a¨
a
+
a˙2
a2
+
k
a2
)
. (2.20)
If we rewrite the Einstein equations in another form:
Rµν = κT
µ
ν −
1
2
Tδµν , (2.21)
where T = ε− 3p, finally we get two Friedmann equations:
−3 a¨
a
= 8piG · 1
2
(ε+ 3p), (2.22)
−2a˙
2 + aa¨+ 2k
a2
= −8piG · 1
2
(p− ε). (2.23)
In FLRW metric we can introduce Hubble parameter as:
H =
a˙
a
. (2.24)
Then Ricci scalar can be rewritten in the form:
R = −6
(
H˙ + 2H2 +
k
a2
)
. (2.25)
and for k = 0 the time derivative reads:
R˙ = −6
(
4HH˙ + H¨
)
. (2.26)
Hubble parameter can be constant or can vary in time and Hubble law connects
velocity with space interval between the observer and particle:
vi = Hri. (2.27)
Current Hubble parameter value is about [42] 65 - 80 km s−1 Mpc−1. Then the
frequency of a photon will drop while the Universe expands:
ω(t) =
a0
a(t)
ω0,
so we have the following relation:
T ∼ 1/a, (2.28)
for isotropic and relatively cold Universe. This is why the Universe is becoming
colder and the spectral lines are redshifted. If we plug (2.22) into (2.23) and
use the notion of Hubble parameter, we obtain more familiar form of Friedman
equations:
a¨
a
= H˙ +H2 = −8piG
6
(ε+ 3p) , (2.29)
H2 =
8piG
3
ε− k
a2
. (2.30)
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We can also use (2.13) to obtain energy - momentum conservation equation:
dε
dt
+ 3H(ε+ p) = 0, (2.31)
so if equation of state is p ∼ ε, with a constant w:
p = wε, (2.32)
we get from energy conservation [51]:
ε ∝ a−3(1+w), (2.33)
and
a(t) ∝
{
t
2
3(1+w) w 6= −1,
eHt w = −1. (2.34)
Moreover, if we define for each component fractional quantities: εi and pi, then ε
and p are sums over fractions. We would like to define critical density εcr as the
density of a fraction required to obtain Hubble parameter H without any other
contributions from other fractions. Then we define relative scale-dependent
density as:
Ωi(a) =
εi
εcr
, (2.35)
and measure of relative curvature contribution as:
Ωk(a) = − k
a2H2(a)
, (2.36)
at present time (t0) we set a(t0) = a0 = 1. We know from astronomical data
that: ∑
i
Ωi(a0) + Ωk(a0) = 1, (2.37)
then the Friedmann equations becomes:
Ωk(a) = 1−
∑
i
Ωi(a). (2.38)
When strong energy condition:
ε+ 3p > 0; (2.39)
is satisfied we observe, from the Friedmann equations, that gravity is attractive.
This is not the case for de-Sitter space where the cosmological constant term
causes accelerated expansion. The paradigm where the Universe evolution is
described by FLRW metric with Friedmann equations coupled to matter and
dark energy is called Λ-CDM cosmology, where Λ comes from dark-energy and
CDM states for cold dark matter. Matter is divided into radiation (vi ∼ c) and
cold (normal) matter for which vi  c. Notice that for matter and radiation:
εmatter ∝ a−3, εradiation ∝ a−4. There are many pieces of the evolution of the
Universe which are not understood with the ΛCDM model alone. For example,
one can ask about the fundamental fact that the critical density equation (2.37)
is almost perfectly satisfied. This problem is solved in inflation scenario which
predicts accelerated expansion at the very beginning of the Universe.
11
2.3 Propagation of light and De-Sitter spacetime
The light geodesic [42] can be described by the condition that the spacetime
interval is equal to zero:
ds2 = 0 (2.40)
To get symmetry between space and time we can introduce conformal time (1.1):
η =
∫
dt
a
, (2.41)
then the FLRW becomes:
ds2 = a2(η)
(
dη2 − dχ2 − Φ2(χ)(dθ2 + sin2 θdϕ2)) , (2.42)
with (2.12):
Φ2(χ) =
 sinh2 χχ2
sin2 χ
 k = −1;k = 0;
k = +1,
(2.43)
One can observe that: θ, ϕ = const is a geodesic. Then we obtain
ds2 = +dη2 − dχ2 = 0. (2.44)
Hence radial, light geodesics are straight lines described by
χ(η) = ±η + const (2.45)
Now we provide some useful definitions of horizons.
Definition 4. Particle horizon The lightcone structure in general relativity
divides, for each point, spacetime into three parts: future, past and elsewhere
(A.39, A.40). The set V −(p), so the boundary of of domain from which point p
can receive information is so called particle horizon. The maximum comoving
distance the light can propagate is:
χp(η) = η − ηi =
∫ t
ti
dt
a
. (2.46)
Definition 5. The complement of the particle horizon is so called event hori-
zon. The event horizon is the closure of the set of points which can sent signal
at time η such that they will be never received by an observer in the future i.e.:
χ > χe(η) =
∫ ηmax
η
dη = ηmax − η, (2.47)
where “max” is related to the final moment of time eg. tmax =∞.
Physical quantities are related to the conformal ones via a(t) factor:
de(t) = a(t)
∫ tmax
t
dt
a
, (2.48)
dp(t) = a(t)
∫ t
ti
dt
a
. (2.49)
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Then the causal structure of the Universe can be described by two dimensional
diagram, where each point is a 2-sphere. Those diagrams are called Confor-
mal/Penrose diagrams [42, 44]. Moreover, in principle, for a metric with spher-
ical symmetry [42], there is a coordinate transformation, such that:
g˜00 = g˜11 = a
2(η, χ), g˜01 = 0. (2.50)
A priori the transformation can be hard to find. However, in cosmological cases,
the metric is already in the desired form. We will illustrate these quantities on
one of the most important solutions, namely de-Sitter spacetime.
2.3.1 De-Sitter spacetime
De-Sitter spacetime is solution for positive cosmological constant and in absence
of matter and moreover we assume that solution in is in FLRW metric form.
It is one of most famous solutions of the Einstein equations. As we have said
cosmological constant is equivalent to a “perfect fluid” with equation of state
pΛ = −εΛ. Then from first Friedmann equation (2.22) we get:
a¨−H2Λa = 0, (2.51)
where: HΛ = (8piGεΛ/3)
1/2. General solution of this equation is in the form:
a = C1 exp(HΛt) + C2 exp(−HΛt), (2.52)
and the constants of integration are constrained by the second Friedmann equa-
tion:
4H2ΛC1C2 = k, (2.53)
where k ∈ {−1, 0, 1} is the curvature. The solution can be summarised as:
ds2 = dt2 −
 sinh2(HΛt)exp(2HΛt)
cosh2(HΛt)
dχ2 +
 sinh2 χχ2
sin2 χ
 dΩ2
 k = −1;k = 0;
k = +1.
(2.54)
The solutions exists of all values of εΛ so they all describe the same spacetime
in different coordinate systems. For flat De-Sitter spacetime horizons reads as:
dp(t) = exp(HΛt)
∫ t
ti
exp(−HΛs)ds = H−1Λ (exp(HΛ(t− ti))− 1) (2.55)
de(t) = exp(HΛt)
∫ ∞
t
exp(−HΛs)ds = H−1Λ (2.56)
This means that not all parts of Universe are causally connected. This will be
crucial for De-Sitter spacetime which can be viewed as the 0-th order approx-
imation to the inflation scenario. In De-Sitter, where εΛ = const the energy
density is conserved, so does Hubble constant. For inflationary models the en-
ergy density varies during the inflation stage and the evolution of the Friedmann
Universe depends on its behaviour during the accelerated expansion. On the
other hand it seems that our Universe is dominated by dark energy nowadays,
so on large scales De-Sitter solution approximately describes our Universe now.
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2.4 Perturbations in General Relativity
Einstein equations can be exactly solved in a very limited class of problems.
Small inhomogeneities in the distribution of matter cause perturbations which
can be analysed in the linear approximation. They can be also classified by
gauge(coordinate)-invariant variables. In the following paragraph we analyse
main results for gauge independent perturbations in the case of hydrodynamical
Tµν ; much more details can be found in [42]. Flat Friedmann metric with linear
perturbation can be written as:
ds2 =
[
(0)gαβ + δgαβ(x
γ)
]
dxαdxβ , (2.57)
where |δgαβ |  |(0)gαβ |, and (0)gαβ is FLRW metric in conformal coordinates
(2.42). For simplicity we take the curvature equal to zero. General form of δgαβ
can be divided into three cases.
• The δg00 component:
δg00 = 2a
2φ, (2.58)
where φ is scalar function.
• The δg0i component:
δg0i = a
2 (B,i + Si) , (2.59)
where B,i = ∂iB derivative of some scalar function and vector part Si is
a divergenceless. Each vector can be written in such a way by the virtue
of Helmholtz theorem [26].
• And the δgij component:
δgij = a
2
(
2ψδij + 2Eij + Fi′ j + Fj′ i + hij
)
, (2.60)
is decomposed into irreducible components [42], where: ψ, E are scalar
functions, Fi is divergenceless vector, and hij is tensor satisfying:
hii = 0, h
i
j,i = 0. (2.61)
So in general the perturbations can be divided into three types depending on
their transformation laws (bearing in mind that differentiation rises the covari-
ant /contravariant tensor rank by one):
• Scalar perturbations are described by φ, ψ,B,E. Inhomogeneities of
energy density entails scalar perturbations.
• Vector perturbations are related to the fluid rotational motions, and
are characterised by Si and Fi.
• The origin of tensor perturbations hij are gravitational waves, which
are explicitly degrees of freedom of the Einstein theory.
Since all types of perturbations propagate separately, we can study them apart
of each other. Now we will consider a coordinate transformation, to see how the
inhomogeneities will transform:
xα → x˜α = xα + ξα, (2.62)
14
where ξα are infinitesimal translations in space and time. Since we can again
divide metric into background and perturbation, we obtain following transfor-
mation laws (up to linear term in ξ):
(0)gαβ(xσ) ≈ (0)gαβ(x˜σ)− (0)gαβ,γ ξγ (2.63)
δgαβ → δ ˜gαβ − gαβ,γ ξγ − gγβξγ,α − gαδξδ,β . (2.64)
We can write ξα = (ξ0, ξi) and the spatial part can be divided as [26, 42]:
ξi = ξi⊥ + ζ
′i, (2.65)
where ζ is a scalar function and ξi⊥ is divergentless vector, plugging into (2.42)
we obtain the following:
δg˜00 = δg00 − 2a
(
aξ0
)′
,
δg˜0i = δg0i + a
2
[
ξ
′
⊥i +
(
ζ
′ − ξ0
)
,i
]
, (2.66)
δg˜ij = δgij + a
2
[
2
a′
a
δijξ
0 + 2ζ,ij + (ξ⊥i,j + ξ⊥j,i)
]
.
Now we would like to build gauge invariant functions, to provide a coordinate
free framework. We again treat each type of perturbations separately.
Scalar perturbations
If we compare scalar functions and their proper derivatives from (2.66) with
scalar originated perturbations from (2.58, 2.59, 2.60) we obtain such coordinate
transformations:
φ→ φ˜ = φ− 1a
(
aξ0
)′
, B → B˜ = B + ζ ′ − ξ0,
ψ → ψ˜ = ψ + a
′
a ξ
0, E → E˜ = E + ζ.
(2.67)
As we see only ξ0 and ζ contribute to transformation of scalar perturbations.
Then we choose them in such a manner to get rid (set them to zero) of two func-
tions from: E,B, ψ, φ. The most common choice is Newtonian (longitudinal)
gauge where Bl = El = 0, then ψl = φl = Φ = Ψ and there remain one variable
describing the scalar perturbations. After fixing the gauge there is no coordi-
nate freedom since any change of frame spoils this gauge conditions. On the
other hand synchronous gauge is the gauge where δg0α = 0, then φl = Bl = 0,
however this assumption doesn’t fix the coordinates [42] and there exists a whole
class of coordinates systems which share that property.
The simplest gauge invariant functions made from those four are:
Φ = φ− 1a
(
a
(
B − E′
))′
, Ψ = ψ − a′a (B − E′) . (2.68)
Vector and tensor perturbations
For vector perturbations we obtain a metric:
ds2 = a2
[
dη2 + 2Sidx
idη − (δij − Fi,j − Fj,i) dxidxj
]
(2.69)
and Si and Fi have the following transformations:
Si → S˜i = Si + ξ′⊥i, Fi → F˜i = Fi + ξ⊥i. (2.70)
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So the gauge invariant vector is
V i = Si − F ′i (2.71)
Tensor perturbation hij (2.60), [42] is already gauge-invariant tensor describing
gravitational waves.
Energy momentum tensor and scalar perturbations
If we derive transformations for δTαβ and G
α
β on FLRW background using the
fact that (0)T ij ∝ δij and from it construct the gauge invariant quantities, in
the same manner as we do for metric. Then we obtain a coordinate invariant
expression [42]:
δG
α
β = 8piGδT
α
β , (2.72)
with following energy density and 4 velocities (uα) variations [42]:
δε = δε− ε′0
(
B − E′
)
(2.73)
δuα = δuα
[
a
(
B − E′
)]
α
(2.74)
From now on we consider the longitudinal gauge, ie El, Bl = 0. For pure scalar
perturbations we have:
ds2 = a2
[
(1 + 2ψ)dη2 − δij (1− 2φ) dxidxj
]
. (2.75)
If we calculate the perturbed Einstein tensor δGµν for those perturbations it
will allow us to write general coordinate independent equations for Ψ and Φ,
with the write hand side (2.72) δTµν . Since we work in Newtonian gauge we
have: Ψ = Φ [13, 42]. We get:
∆Ψ− 3H (Ψ′ +HΨ) = 4piGa2δT 00, (2.76)
(Ψ′ +HΨ),i = 4piGa
2T
0
i , (2.77)[
Ψ′′ + 3HΨ′ + 2
(
H ′ +H2
)
Ψ
]
δij = −4piGa2δT ij . (2.78)
This can be extended also to a vector and tensor perturbation analysis. Here we
focus only on hydrodynamical perturbations as is the case for inflation where
energy-momentum tensor (2.13) has the form:
Tµν = (ε+ p)u
µuν − pδµν , (2.79)
where uν are four-velocities. We can calculate gauge-invariant perturbations as
δT
0
0 = δε, δT
0
i =
1
a (ε0 + p0)
(
δu‖i + δu⊥i
)
, δT
i
j = −δpδij , (2.80)
where δuµ, δε are defined as in [42], (2.73). Then gauge invariant perturbations
can be expressed as
∆Ψ− 3H (Ψ′ +HΨ) = 4piGa2δε, (2.81)
(Ψ′ +HΨ),i = 4piGa
2 (ε0 + p0) δu‖i, (2.82)[
Ψ′′ + 3HΨ′ + 2
(
H ′ +H2
)
Ψ
]
= 4piGa2δp. (2.83)
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For non-expanding Universe Hubble parameter is equal to 0 then the first equa-
tion reproduces the known formula for Newtonian potential, namely Poisson
equation. Second equation shows that (aΨ)
′
behaves as velocity potential. Pres-
sure fluctuations can be expressed using equation of state for p(ε, S), where S
stands for entropy:
δp = c2sδε+ τδS, (2.84)
with c2s = (∂p/∂ε)S and τ = (∂p/∂S)ε. Then combining the first and third
equations we obtain a closed form equation:
Ψ′′ + 3
(
1 + c2s
)
HΨ′ − c2s∆Ψ +
(
2H ′ +
(
1 + 3c2s
)
H2
)
Ψ = 4piGa2τδS (2.85)
One can consider many cases like [42]:
• non-relativistic matter with p = 0,
• relativistic matter with p = ωε,
• general form of adiabatic perturbations δS = 0 for general p(ε),
• entropy perturbations.
The notion of inhomogeneities and perturbations is crucial for the understanding
of Planck and WMAP data. Their presence and properties can be explained in
inflation paradigm rather than in the standard Λ-CDM cosmology.
2.5 Why Λ - CDM model is incomplete?
We would like to know the evolution of the Universe from the very beginning.
Of course we cannot start our scenario from initial singularity or even from
Planck scale because of effects of quantum gravity that we do not know. Let
us start the description just below Planck scale, so as initial data we will take
some temperature below QG scale Ti, lets say Ti = 10
17 GeV with some ini-
tial ti and ai [21]. Λ-CDM model is one most popular and broadly accepted
model in cosmology as it explains many things like CMB anisotropies, creation
of Galaxies, accelerating expansion and other features. However, one has to
address fine tuning of initial conditions problems, namely [21, 51] and [42]:
1. homogenity/horizon problem,
2. initial velocities/flatness problem,
3. initial perturbation problem.
The first two problems will be described below and perturbation problem will
be presented in section 3.4.
Homogeinity/horizon problem
As we have mentioned, currently our Universe is homogenous on large scales
where the domain scale is comparable to the present horizon scale, l0 = ct0 ∼
1026 m according to [42]. The sizes of domains change with time according to
the scale factor, ai/a0. Then from the Planck time ti ∼ 10−43, the Universe
growth is roughly:
li ∼ l0 ai
a0
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It is natural to compare it to a size of a causal region lc ∼ cti:
li
lc
∼ t0
ti
ai
a0
,
if we use the relation a = 1/T and use:
ai/a0 ∼ T0/TP ∼ 10−32,
we obtain a rough estimate:
li
lc
∼ a˙i
a˙0
∼ 1028 (2.86)
Then on Planck scale there should be around: (1028)3 = 1084 causally discon-
nected regions, with energy variation: δεε ∼ 10−4 [42]. It is an extreme fine
tuned value. Moreover, if we approximate: a/t ∼ a˙ we will get:
li
lc
∼ a˙i
a˙0
, (2.87)
therefore we see that homogeneity scale in Λ-CDM has always been larger than
causality scale. The fact that the Universe remains homogenous despite being
causally disconnected is called the horizon or homogeinity problem. However,
initial velocities problem is even more puzzling. Let us assume for a moment that
matter is distributed in an observed way, bearing in mind previous paragraph,
how about initial velocities?
Initial velocities/flatness problem
Initial velocities should obey Hubble law (2.24), otherwise homogeneity will be
no longer a realistic assumption. One can show using very rough arguments
that matter must be distributed very precisely. Since energy is conserved (Ek
is kinetic energy and Ep is potential energy):
Etot = Eki + E
p
i = E
k
0 + E
p
0 .
We know that:
Eki = E
k
0 (a˙i/a˙0)
2
,
so we get:
Etoti
Eki
=
Eki + E
p
i
Eki
=
Ek0 + E
p
0
Ek0
(a˙i/a˙0)
2
. (2.88)
Assuming that [42] Ek0 ∼ |Ep0 | and a˙0a˙i ≤ 10−28, we find:
Etoti
Eki
≤ 10−56. (2.89)
So the error in the initial velocities bigger than 10−54% gives completely different
cosmology picture than we live in today. One can rephrase the problem also
in terms of relative curvature and densities [51]. We recall the equation for
curvature (2.36) and assuming that the matter with equation of state connected
to w dominates the expansion with a given by (2.34) we can write:
Ω˙k = HΩk(1 + 3w),
∂Ωk
∂ log a = Ωk(1 + 3w), (2.90)
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for w > −1/3 the Ωk = 0 is an unstable fixed point. The current value of Ωk
is less than 10−2. The curvature redshifts as a−2, much slower than ordinary
matter or radiation. Taking to account the fact that it is almost negligible
nowadays it should be even smaller at the Planck scale. So since Ωk = 0 is
unstable in decelerating expansion the Universe should either start from k = 0,
which is a very fine tuned value or, conversely, there could be a special moment
of accelerated expansion when the curvature drops to a very small value and
this process is called inflation.
3 Inflation
3.1 General View
In the paragraph 2.5 we have described the problems of Λ-CDM cosmology. In
this chapter we will inspect how the inflation theory explains problems men-
tioned there. Roughly speaking inflation is a stage of accelerated expansion of
the Universe at its beginning, when gravity was repulsive. In inflation cosmol-
ogy model there is a moment when acceleration solution turns into decelerated
Friedmann solution and that moment is called the graceful exit. We will show
that if we start with small causally connected spacetime which grows rapidly, it
will give us, after the stage of inflation, causally disconnected very homogeneous
Universe we observe today. But what if Universe was highly non homogeneous
before the inflation stage, can this scenario make it homogeneous and isotropic?
It turns out the answer is yes. One has to stress that inflation has itself many
problems and there are many puzzles which haven’t been solved and understood.
Among them there is a problem of the Planck initial state [11]. Another, men-
tioned in the preface, problem is of the fundamental mechanism which generates
inflation. Currently there are two: one is “natural” inflation, associated to shift
symmetry and pseudo-Goldstone bosons and another one is Starobinsky mod-
ified gravity scenario and its descendants. The third problem is the reheating
process which is responsible for production of the particles we observe today.
However, quoting Mukhanov: The theory of reheating is far from complete. Not
only the details, but even the over- all picture of inflaton decay depend crucially
on the underlying particle physics theory beyond the Standard Model. Despite
those, and unmentioned, problems inflation is most successful in providing the
explanation of Λ-CDM problems. In this thesis the second one is fully addressed
in chapter 6.2. The first problem might be solved by proto-inflation era and de-
coupling of heavy scalar degrees of freedom and can be investigated for CSM
inflation it is not clear whether this is the right solution to the issue mentioned
in [11]. The third one will be not addressed in this thesis, besides paragraph
3.3.
So in this chapter we will give a general picture of inflation scenario, regardless
of the mechanism driving it. If we analyse (2.22) for the k = 0 case:
a¨ = −4pi
3
G(ε+ 3p)a, (3.1)
we see that a¨ > 0 occurs if and only if (ε+ 3p) < 0, i.e. when the strong energy
condition (2.39) is violated. We know de-Sitter solution doesn’t have a natural
time, when the acceleration stops. That is why De-Sitter can serve only as in
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general 0-th approximation for inflation scenario. If we look at the left hand
side of the equation, we see that we have to allow Hubble parameter to vary in
time:
a¨
a
= H2 + H˙, (3.2)
and H˙ < 0. The graceful exit takes place roughly when H˙ ∼ H2. So if we
assume that H2 changes faster than the H˙ we can roughly estimate the time
for duration of inflation as:
tf ∼ Hi/|H˙i|, (3.3)
where i refers to the beginning of inflation. Moreover, CMB observations require
that a˙i/a˙0 < 10
−5:
a˙i
a˙f
a˙f
a˙0
=
ai
a0
Hi
Hf
a˙f
a˙0
< 10−5, (3.4)
since a˙f/a˙0 should be larger than 10
28, we obtain that inflation is successful if:
af
ai
> 1033
Hi
Hf
, (3.5)
so we roughly estimate:
af/ai ∼ exp(Hitf ) > 1033, (3.6)
Hence only if tf > 75H
−1
i , so the inflation last longer than 75 e-folds then it
can solve the horizon problem. However, this is a very rough estimate, most of
the papers suggests that 50-60 e-folds [49] is enough to solve the problem. It
obviously depends on the value of the initial scalar field/fields which can cause
the inflation scenario.
3.2 Slow roll regime
Natural candidate for a source term in FLRW equations which can give us the
desired graceful-exit is a scalar field. It could be Higgs field or fermionic conden-
sate acting like “effective” scalar field or more exotic proposition. The section
3.5 is an overview of inflation mechanism models. The particle giving rise to the
inflation is called the Inflaton. In this paragraph we stay on classical / semi-
classical level of description. Namely, we will assume homogeneous distribution
of the fields which is the case for inflation at the classical level. Classical homoge-
nous scalar field is characterised by the action (we neglect spatial derivatives
term):
S =
∫
Ω
d4x
√
|g|
(
1
2
ϕ˙2 − V (ϕ)
)
, (3.7)
For the scalar field we have 1-dim Klein-Gordon equation in FLRW background:
ϕ¨+ 3Hϕ˙+ V,ϕ = 0. (3.8)
Additionally we have Friedman equation as a constraint:
H2 =
1
3
(
1
2
ϕ˙2 + V (ϕ)
)
, (3.9)
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where we use M2P = 1. So if we introduce energy density:
ε =
1
2
ϕ˙2 + V (ϕ), (3.10)
and pressure:
p =
1
2
ϕ˙2 − V (ϕ), (3.11)
then the equation of state is:
w =
p
ε
=
1
2 ϕ˙
2 − V (φ)
1
2 ϕ˙
2 + V (ϕ)
, (3.12)
For ϕ˙2  V (ϕ), we get ε ≈ −p and w ≈ −1 < −1/3, which is the desired value
for accelerated expansion. Therefore we can give the first inflation condition:
Slow roll condition 1: ϕ˙2  V (φ), we obtain:
H =
d ln a
dt
=
d ln a
dϕ
ϕ˙ w
√
1
3
V (ϕ), (3.13)
and a related parameter:
 = − H˙
H2
' 1
2
(
V,ϕ
V
)2
 1. (3.14)
Since Klein-Gordon equation has an attractor solution for large friction term:
ϕ˙ ' V,ϕ/(3H), which is the case for Inflation, then being on this trajectory gives
exactly:
Slow roll condition 2: ϕ¨ 3Hϕ˙. From this condition we get:
3Hϕ˙+ V,ϕ ' 0, (3.15)
Then the second slow-roll parameter is
η =
ϕ¨
Hϕ˙
 1, (3.16)
so for both of them the conditions can be replaced as a condition for the poten-
tial:
 ' M
2
P
2
(
V,ϕ
V
)2
, (3.17)
η 'M2P
V,ϕϕ
V
 1, (3.18)
and we have reintroduced M2P for later purposes. The inflation ends when
approximately:  ' 1. However, there is also another suitable choice of slow
roll parameters (H , ηH), using the Hubble constant as the measure of inflation
[34], then we have precisely that a¨ > 0 equivalent to H < 1.
Because the second time derivative term in KG equation is suppressed by the
Hubble term we called this part of evolution slow-roll. As we can see slow-roll
regime is sufficient for inflation to take place, doesn’t matter what drives it. So
here arises a question.
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How long does Inflation last?
The measure for time of accelerated expansion is number of e-folds, one e-fold
is the era, when the Universe grow by e. In slow-roll regime we can calculate
the number of e-folds (duration of inflation) by its definition:
dN = Hdt, (3.19)
so the number of e-folds is given by:
N =
∫ tend
ti
Hdt =
∫ ϕend
ϕi
H
ϕ˙
dϕ '
∫ ϕi
ϕend
V (ϕ)
V,ϕ(ϕ)
dϕ, (3.20)
where in the last equality we took advantage of slow-roll conditions. So the
equation for the scale factor can be solved in the integral form:
a(ϕ) ' ai exp
(
8pi
∫ ϕi
ϕ
V
V,ϕ
dϕ
)
(3.21)
For example the power-law potential V = (1/n)λϕn, which satisfies both con-
ditions for |ϕ|  1, we obtain the following scale factor:
a(ϕ(t)) = ai exp
(
4pi
n
(
ϕ2i − ϕ2(t)
))
. (3.22)
3.3 Case study: V = 1
2
m2ϕ2
As an example we will analyze one of the simplest models: a massive scalar field
without interactions. From (2.30) and (3.8) we get one equation:
ϕ¨+
√
12pi
(
ϕ˙2 +m2ϕ2
)1/2
ϕ˙+m2ϕ = 0. (3.23)
If we use relation:
ϕ¨ = ϕ˙
dϕ˙
dϕ
,
we obtain:
ϕ˙
dϕ˙
dϕ
= −
√
12pi
(
ϕ˙2 +m2ϕ2
)1/2
ϕ˙+m2ϕ. (3.24)
We want to analyse it by drawing the phase diagram and point out the attrac-
tors. If we change second-order ODE to a system of two first-order ODE’s, using
substitution ϕ˙ = ϕ1, we get:{
ϕ˙ = ϕ1,
ϕ˙1 = −
√
12pi
[
ϕ21 +m
2ϕ2
]1/2
ϕ1 −m2ϕ.
We will use Lapunov theorem to prove stability of point (0, 0), but first we
would like to introduce Lapunov function.
Definition 6. Lapunov function of vector field V (x), ie system of ODE
defined as: x˙ = V (x) on domain Ω, for point xe, where V (xe) = 0 is satisfied,
is a scalar function:
L : Ω→ R,
and there exists U , which is a non-empty neighbourhood of x, where ∀x∈U L(x)
satisfies:
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1. L(x) > 0,
2. L(x) = 0⇔ x = xe,
3. L˙(x) = 〈∇(L(x)), V (x)〉 < 0.
Lapunov theorem says that, when a system posses a Lapunov function for point
xe, this point is asymptotically stable. It means that the neighbouring trajectories
approach this point.
It is easy to show that for our system Lapunov function, around (0, 0), is simply:
L(x) = 12m2ϕ2 + 12ϕ21 = 12m2ϕ2 + 12 ϕ˙2. Hence the point (0, 0) is stable and the
trajectories of equation (3.24) converge to this point. We can see it on the plot
below Figure 2. Moreover, the divergence of our system is strictly negative for
R2\(0, 0):
∇ · V = 0−
√
12pi
ϕ21 +m
2ϕ2
(
2ϕ21 +m
2ϕ2
)
< 0,
hence eventually all the trajectories drops to (0, 0).
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Figure 2: Attractor for m2ϕ2 potential
The picture was made in Mathematica programme (with a very simple code),
for this concrete diagram I took m = 1. The blue lines represents ϕ˙ = ± m√
12pi
.
On the phase diagram we can see attractors to which all solutions converge.
Depending on a region we have two options either |ϕ˙|  m|ϕ| - ultra hard
equation of state p ≈ ε [42]. Or we have inflationary conditions, namely (3.17).
Now we can use slow roll approximation to analyze attractor solution, so (3.13)
is exactly H = ±
√
8piG
6 mϕ(t), from this we get exact solution for ϕ [26, 42]:
ϕ ' ϕ0 − m√
12pi
(t− ti) ' m√
12pi
(tf − t), (3.25)
and from (2.30):
a(t) ' ai exp
(
Hi +H(t)
2
(t− ti)
)
. (3.26)
Since Hubble parameter decreases linearly with the field, we obtain time of
inflation period (3.13, 3.25):
∆t ' tf − ti '
√
12piϕi/m. (3.27)
During this period the scale factor increases:
af
ai
' exp(2piϕ2i ). (3.28)
This result is in good agreement with previous estimates: (2.86, 2.89). The
initial value ϕi has to be four times bigger than the Planckian value to last
more than 75-efolds. We can observe that Hubble constant decreases much
slower than the scale factor which grows exponentially:
Hi
Hf
 af
ai
.
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Graceful exit and afterwards. After the field drops below the Planckian
value the oscillation begins. To analyze this part of evolution we investigate
(3.9). If we define new variables, namely:
φ˙ =
√
3
4piH sin θ, mϕ =
√
3
4piH cos θ. (3.29)
then the equation (3.24) will reduce to a system of differential equations:
H˙ = −3H2 sin2 θ, (3.30)
θ˙ = −m− 3
2
H sin 2θ. (3.31)
If we neglect second term in equation for theta we obtain:
θ ' −mt+ α,
where α can be set as zero. Then we obtain a closed form solution for H(t):
H(t) ' 2
3t
(
1− sin(2mt)
2mt
)−1
. (3.32)
So plugging in (3.29):
φ(t) ' cos(mt)√
3pimt
(
1 +
sin(2mt)
2mt
)
+ O
(
(mt)−3
)
. (3.33)
Using above results we obtain scalar curvature as:
R ' − 4
3t2
(
1 + 3 cos(2mt) + O
(
(mt)−1
))
,
in comparison with matter dominated Universe, where R = − 43t2 . Graceful exit
occurs naturally in models with massive scalar fields. So now we move on to
inhomogeneities generated by inflation.
3.4 Generation of primordial inhomogeneities
We have already discussed the fact that inflation preserves the homogeneity of
the Universe in a sense that when we assumed homogeneity at the beginning
of evolution no inhomogeneous terms appear. Moreover, we will show that
inflation can generate inhomogeneities, originating from quantum fluctuations,
are in agreement with cosmological microwave background (CMB). These CMB
data presented on the picture below (taken from [50]) shows that Universe is
almost homogeneous with δT/T ∼ 10−5. The red regions represents hotter
temperature by δT/T ∼ 10−5, the blue one represent the colder by the same
amount.
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Figure 3: CMB data
Inflationary cosmology allows us to predict their origin and calculate their spec-
trum while in Λ-CDM model they can only be postulated as initial conditions.
According to inflation primordial perturbations originated from quantum fluc-
tuations. These fluctuations started to arise on scales close to Planckian length.
Inflation cause them to stretch to huge (galactic) scales with almost unchanged
amplitudes. So this is exactly content of problem 3, we mentioned in chapter 2,
how to explain their origin, spectra and statistical properties? Since the number
of hotter and colder regions, where the small inhomogeneities occurs is huge,
then it is convinient to treat their configurations as random fields, namely we
assume that each of the Fourier components has random Gaussian [42] distri-
bution with variance:
σ2k ≡ |Φk|2, (3.34)
which is also the amplitude of a two point function:
〈fkf ′k〉 = σ2kδ(k + k′), (3.35)
and we define power spectrum as:
Ps = |Φk|
2k3
2pi2
. (3.36)
If we introduce the spectral index:
ns − 1 = d lnPs
d ln k
, (3.37)
we see that the flat spectrum gives ns = 1 [42]. Before we move on one has
to stress that gaussianity of inhomogeneities is an assumption coming from
experiment. However, the higher point functions can be also discussed, they
originate especially in multi-inflaton models but they will be not discussed in
this thesis. Moreover, there is an upper limit on their amplitudes, see [19, 20, 51],
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then gaussianity is a reasonable assumption. Then we have to calculate two
point functions for metric perturbations and relate them to scalar perturbations.
Here we will develop a systematic way of treating inflation inhomogeneities. The
inflation is also source of primordial gravitational waves.
3.4.1 Scalar field perturbations
Following Garriga and Mukhanov [17] we will consider the most general local
action for a scalar field:
S =
1
16pi
∫
d4x
√
|g|p(X,ϕ), (3.38)
where X = 12g
µν∂µϕ∂νϕ. As we can see p plays the role of pressure, so if we
derive the energy momentum tensor we see that it is already in the hydrody-
namical form:
Tµν = (ε+ p)uµuν − pgµν , (3.39)
where:
uµ =
ϕ,µ
(2X)1/2
, (3.40)
and the energy density given by:
ε = 2Xp,X − p. (3.41)
The Lagrangian (3.38) can be used to describe not only the scalar field but also
motion of hydrodynamical fluid.
Background As our background we consider FLRW metric:
ds2 = [dt2 − a2(t)δijdxidxj ], (3.42)
in our case with spatial curvature k = 0, then we can write two equations for
background variables ϕ0(t) and a(t) as:
H2 =
8piG
3
ε, (3.43)
ε˙ = −3H(ε+ p), (3.44)
where first is (2.30) and second is ∇µT0µ = 0. We get by substitution:
H˙ = 4piG(ε+ p). (3.45)
We will write the full derivative for energy density ε˙ = εXX˙ + ε,ϕϕ˙ and the
same for the pressure:
p˙ = pXX˙ + p,ϕϕ˙ = −3c2sH(ε+ p) + ϕ˙(p,ϕ − c2sε,ϕ), (3.46)
with :
c2s =
p,X
ε,X
=
ε+ p
2Xε,X
, (3.47)
where c2s is called the speed of sound for perturbations, for canonical kinetic
term we have: cs = 1.
Perturbations Now we introduce small inhomogeneities in the scalar field:
ϕ(t, x) = ϕ0(t) + δϕ(t, x), (3.48)
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which will cause the following perturbations in metric:
ds2 = [dt2(1 + 2Φ)− a2(t)δij(1− 2Φ)dxidxk], (3.49)
then to linear order we get that:
δX =
1
2
δg00ϕ′0
2 + g00ϕ′δϕ′ = 2X0
(
−Φ + δϕ
′
ϕ′0
)
. (3.50)
Keeping in mind that δT ik ∝ δik and applying (3.44) we obtain:
δT 00 = εXδX + ε,ϕδϕ =
ε+ p
c2s
[(
δϕ
ϕ˙0
).
− Φ
]
− 3H(ε+ p)δϕ
ϕ˙0
, (3.51)
and:
δT 0i = (ε+ p)
(
δϕ
ϕ˙
)
,i
. (3.52)
Applying the formalism from section 2.4, we obtain the following equations:
∆Φ =
4piGa2(ε+ p)
c2sH
(
H
δϕ
ϕ′0
+ Φ
)′
, (3.53)
and: (
a2
Φ
H
)′
=
4piGa4(ε+ p)
H2
(
H
δϕ
ϕ′0
+ Φ
)
, (3.54)
if we will recast the equations to the physical time we will obtain [17]:(
δϕ
ϕ˙0
)·
=
(
1 +
c2s∆
4piGa2(ε+ p)
)
Φ (3.55)
(aΦ)
·
=4piGa(ε+ p)
δϕ
ϕ˙0
, (3.56)
similar derivation in conformal time can be found in [42]. From now on we will
skip 0 in ϕ0 and bar in δϕ. Let us define new variables ξ and ζ via the following
equations:
Φa = 4piGHξ, (3.57)
and:
δϕ
ϕ˙
=
ζ
H
−
(
4piG
a
)
ξ. (3.58)
Then we obtain the linear equations for both of them:
ξ˙ =
a(ε+ p)
H2
ζ, (3.59)
ζ˙ =
c2sH
2
a3(ε+ p)
∆ξ. (3.60)
Action Now we introduce the action which reproduces the equations of motion:
S =
∫
dtd3x
[
ξ∆ζ˙ − 1
2
H2c2s
a3(ε+ p)
ξ∆ξ +
1
2
a(ε+ p)
H2
ζ∆ζ
]
. (3.61)
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If we propose a new variable:
z =
a(ε+ p)1/2
csH
, (3.62)
and we introduce
v = zζ, (3.63)
it turns out that v is a canonical quantisation variable, then in conformal time
we obtain:
S =
1
2
∫ [
v′2 + c2sv∆v +
z′′
z
v2
]
dηd3x. (3.64)
The corresponding Klein-Gordon equation takes a simple form:
v′′ − c2s∆v −
z′′
z
v = 0, (3.65)
which has a long-wavelength solution v ∝ z.
Power spectra We are interested in calculating the spectrum of ζ, which is
related to the gravitational perturbation via the formula:
ζ =
5ε+ 3p
3ε+ p
Φ +
2
3
ε
ε+ p
Φ˙
H
, (3.66)
let us note [17] that when p/ε is constant for long wavelengths the second term
drops out. The quantisation of the action (3.64) is standard and is described in
the section B. Then we define the spectral density as:
Pζ = 1
2pi2
|ζk|2k3 = k
3
2pi2
|vk|2
z2
, (3.67)
where vk is the solution of the equation for Fourier modes:
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0, (3.68)
with the wavelength defined as: λ = 2pik . During “slow roll” the changes of the
scale factor are much faster than following quantities: the Hubble rate, cs and
(ε+ p). Thus: z′′/z ≈ 2(Ha)2 and the equation takes the form:
vk ≈ e±ikcsη(2csk)1/2 , (aH  csk), (3.69)
while for long wavelength the equation simplifies to:
v′′k −
(
z′′
z
)
vk = 0, (aH  csk), (3.70)
then the solution is:
vk ≈ Ckz, (aH  csk), (3.71)
and the Ck is the constant, found by matching the solutions. In the transition
region (aH = csk) we find that: |Ck|2 = (2cskz2s)−1, where zs is the value of z
for horizon crossing, then the power spectrum is given by the formula:
Pζ = 16
9
ε
cs(1 + p/ε)
∣∣∣∣
aH'csk
. (3.72)
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With the definition of spectral-index we obtain:
ns − 1 := lnPζ
d ln k
' −3
(
1 +
p
ε
)
− 1
H
(
ln
(
1 +
p
ε
)).
− (ln cs)
.
H
+ . . . (3.73)
One can also show that, when cs ≡ 1, using (3.10, 3.11, 3.17), we obtain:
ns − 1 = (−6+ 2η) , (3.74)
where first term gives: −2, and the second: 2η − 4. There arises a ques-
tion whether the quantum fluctuations during the Planck era can provide us
the required amplitude we observe in CMB? The only way to obtain observed:
Φ ∼ 10−5 is to stretch a very short-wavelength fluctuations otherwise the met-
ric fluctuations would be too small. Without inflation stage: a¨ < 0 so H−1
grows faster than λph, and since the Universe is expanding they remain inside
the horizon and according to (3.67, 3.69) decay. The perturbations with wave-
length slightly larger than the horizon will eventually enter it and also decay.
For inflation scenario this is not the case however and the perturbations leave
the horizon and it results in growth of the amplitude. Moreover, the inflation
mechanism doesn’t affect the statistical properties of the fluctuations rather
then their power spectrum so the fluctuations remains Gaussian during the in-
flation stage, as we observe them today.
3.4.2 Tensorial perturbations
The theory of quantum gravity is far from being complete, but one of the pre-
diction of inflation is the existence of such a theory. Namely PLANCK and
WMAP data can be described by inflation scenario with help of gravitational
waves generated during this period. If we assume that we can quantise gravita-
tional waves then we can calculate so called tensor to scalar ratio r and compare
it with the data, see [26, 42] and section 3.6 for details. If we take traceless tensor
perturbations hik, we will obtain the following action:
S =
1
64piG
∫
a2
(
hi
′
j h
j′
i − hij,lhj,li
)
dηd3x, (3.75)
if we expand it into Fourier components we obtain:
hij(x, η) =
∫
hk(η)e
i
j(k)e
ikx d
3k
(2pi)3/2
, (3.76)
where eij(k) are polarisation tensors. With the help of a new variable:
vk =
√
eije
j
i
32piG
ahk, (3.77)
we obtain the action (3.75) as:
S =
1
2
∫ (
v′kv
′−k −
(
k2 − a
′′
a
)
vkv−k
)
dηd3k, (3.78)
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the equations of motion are then:
v′′k + ω
2
k(η)vk = 0, ω
2
k(η) = k
2 − a′′/a, (3.79)
and the two point function is the following:
〈0|hji (η,x)hij(η,y)|0〉 =
8
pia2
∫
|vk|2k3 sin kr
kr
dk
k
. (3.80)
The power spectrum can be calculated as:
Ph = 16|vk|
2k3
pia2
, (3.81)
where we have multiplied by two, due to summation over polarisations. If
we use the 0-th order approximation for inflation scenario (gravitational waves
don’t depend much on the equation of state) and put H = HΛ = const, then
a = −(HΛη)−1. Then we obtain according to Mukhanov [42]:
vk(η) =
1√
k
(
1 +
i
kη
)
exp(ik(η − ηi)), (3.82)
and:
Ph = 8H
2
Λ
pi
[1 + (kη)2]. (3.83)
Finally we obtain for long wavelengths:
Ph ' 16H
2
k'Ha
pi
' 128
3
εcsk'Ha, (3.84)
and tensor spectral index as:
nT =
d lnPh
d ln k
' −3
(
1 +
p
ε
)
csk'Ha
. (3.85)
We introduce tensor to scalar ratio as:
r =
Ph
Ps ' 24
[
cs
(
1 +
p
ε
)]
csk'Ha
, (3.86)
for a scalar field we have: cs = 1 and for so called k-inflation, can be in principle:
cs  1. This gives a possibility to distinguish both theories phenomenologically.
The consistency relation is
r = −8nT , (3.87)
The relation breaks down if we modify the structure of gravity like in Gauss-
Bonnet gravity [26] or when we have non-canonical kinetic terms. We also have
an expression for r in terms of slow-roll parameter:
r = 16. (3.88)
Now we briefly discuss possible particle physics scenarios which can give rise of
inflation.
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3.5 Menu of scenarios
The scalar field satisfying slow-roll condition is the only thing we require for
inflation scenario. This means that there are many mechanisms which can give
such a conditions and obviously one has to show that they fit the data for ns
and r. This can be fundamental scalar field or a fermionic condensate described
effectively by an effective scalar field. Let us then inspect some of the possible
scenarios.
Scalar field First proposal is obviously the scalar field with a potential with
satisfying slow roll conditions. For example it can be:
V (ϕ) =
A
n
ϕn, (3.89)
with A being some constant. We have checked in section 3.3 that for a massive
potential slow-roll conditions are satisfied for a large value of the field. How-
ever, in so called old inflation scenarios the potential has two minima, one is
meta-stable and the second one is global one and at first the Universe super-
cools to the the meta-stable minima and the accelerated expansion is obtained
via tunneling to the global one. This scenario has however problems with the
graceful exit.
New inflation is based on another concept, namely the potential has a maxi-
mum at ϕ = 0. Then the field explicitly rolls down to the minimum which has
a barrier on its right so the field cannot escape. The potential escapes the max-
imum due to the quantum fluctuations rather than by tunneling. This model
however has problem with initial conditions since one has to take the thermal
initial state what is quite unlikely. That’s why it is popular to think that the
Universe might be in a “self-reproducing” regime [42].
Chaotic inflation is the name, coming from the fact, that the initial condi-
tions might be taken chaotic with the only requirement that the field must be
beyond the Planck scale. Even though it can provide a large inhomogeneity the
quantum fluctuations can provide self-reproduction of the Universe and induce
a very complicated global structure of the Universe.
Another proposal for lagrangian are non-canonical kinetic terms which are the
origin of the inflation. We recall (3.38):
S =
∫
p(X,ϕ)
√
|g|d4x, (3.90)
with
ε = 2X
∂p
∂X
− p, (3.91)
If p satisfies the condition X∂p/∂X  p for some range of X then we have
p ≈ −ε and we have inflationary solution. In this approach cs is not equal to
one and can adopt many values to avoid fine-tuning. This is also a prediction
of this kind of theories. This scenario is called k-inflation and is discussed in
chapter 7.2.
There is also another proposal, namely modified gravity. The Lovelock theo-
rem guaranties that the E-H action can be extended to higher powers of R or
contractions of two Ricci or Riemann tensors, see [26] and appendix A.4 for de-
tails. Starobinsky inflation type is such a case and is currently of great interest
because it turns out that it is consistent with the Planck data.
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3.6 Experimental tests of inflation
The probes WMAP and PLANCK can actually measure the spectral tilt and
tensor to scalar ratio. The picture below shows the constraints of ns and r from
Planck data [1, 26].
Figure 4: PLANCK constraints on ns and r for different models.
The N? number represents the number of e-folds. As we can see the pure
Higgs scenario with potential λφ4 is far outside the data, it is not even on the
diagram. To fit them the self-coupling should be much smaller than its measured
in LHC, however an extra interaction between Higgs and gravity can provide a
successful inflation scenario. The modified R2 gravity is the only model which
fits the data, however as we will show in the next paragraph it is connected to
the Higgs coupled to gravity scenario. Also a recent article [15] shows that there
is a set of parameters for which natural inflation matches the data within 1σ.
3.7 Starobinski inflation
In 1980 Starobisky proposed [56] a model where a pure modified gravitational
action can cause non-singular evolution of the Universe, namely:
S =
1
2
∫ √
|g|d4x
(
M2pR+
1
6M2
R2
)
, (3.92)
where M is some ”mass” parameter, with value taken to fit the Planck data.
Then it turned out that such a modified gravity models can give rise to inflation
scenario and their FLRW equations has additional structure. For example in-
flation considered for Gauss-Bonnet gravity with Higgs non-minimally coupled
is described in [26]. See also appendix A.4 for derivation equations of motion
from f(R) action and derivation of FLRW equations for this general framework.
33
Now we will rewrite the action (3.92) into equivalent linear representation:
Sl =
1
2
∫ √
|g|d4x
(
M2p
2
R+
1
M
Rψ − 3ψ2
)
, (3.93)
then if we write equations of motion for ψ we obtain:
1
M
R = 6ψ,
so we get equivalency. Then if we use, as in [28], a following conformal trans-
formation:
gµν → e−
√
2/3φ/Mpgµν =
(
1 +
2ψ
MM2p
)
gµν , (3.94)
we get action with scalar field coupled to gravity:
S =
1
2
∫ √
|g|d4x
[
M2p
2
R+
1
2
∂µφ∂
µφ− 3
4
M4pM
2
(
1− e−
√
2/3φ/Mp
)]
. (3.95)
So R2 term gives equivalent solutions as the evolution of scalar field with ex-
ponential type potential. According to Planck data, Starobinsky model and its
decendants are the main class of models which has correct tensor to scalar ratio
and scalar-tilt:
ns − 1 ≈ − 2N r ≈ 12N2 , (3.96)
with N being the number of e-folds. For a similar calculation see paragraph
6.1. As we have already said, both Starobisky inflation and its descendants
are of high interest nowadays. Higgs inflation, which is one of them, can be
successful proposal for the inflation scenario. One can show that Starobinsky
scenario provides (almost) the same observation data as the Higgs inflation. The
difference in the data [28] is of order 10−3, between r and ns in both theories.
Moreover, if we get rid of kinetic term in Higgs inflation scenario, one can show
their equivalence in this regime. Namely, if we take (6.2), with h  v and
|∂µh∂µh| ' 0, whose conditions are satisfied during inflation, the action will
become:
SH =
∫
d4x
√
|g|
[
−M
2 + ξh2
2
R− λ
4
h4
]
. (3.97)
Then integrating out Higgs field via EL equations
h2 =
ξR
λ
,
we obtain
SH =
∫
d4x
√
|g|
[
M2
2
R+
3ξ2
4λ
R2
]
, (3.98)
It is the same as (up to definition of action in (6.2)) result obtained in [28] and
(3.92) with
M2 =
λ
9ξ2
,
Because M ' 10−5 [28], we get that ξ2 ' 1010λ what exactly gives the range of
values satisfying successful non-minimally coupled Higgs inflation. After having
discussed inflation in detail we now move on to particle physics and discuss the
Higgs particle and Standard Model.
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4 The Standard Model
Here we will briefly describe Standard Model, using [38, 46]. This theory is
based on local gauge group: SU(3)c × SU(2) × U(1)Y , where c stays for the
color charge and Y for the hypercharge. The Standard Model predictions are in
agreement with experiment up to very high precision. However, the theoretical
investigation of SM and its failure to describe some observations, like dark
matter, showed that it is not a final theory of particles. We will address those
problems in paragraph 4.3. One has to mention that when the Standard Model
was created it wasn’t obvious why should it be unique, it came out later with
the discovery of gauge anomalies. Then it turned out that is the only model
where these anomalies vanish i.e. it is the only possible scenario where the
effective action is strictly invariant under gauge and spacetime transformations
what should obviously be the case. Vanishing of anomalies also explains why the
electric charge of a proton and an electron should be minus each other and the
number of leptons and quarks should be equal and this is not just a coincidence
[38]. So let us start with theoretical concepts used in the SM, namely Yang-Mills
fields and Higgs mechanism. Then we will describe the components of SM and
finally outline its problems and drawbacks.
4.1 Yang-Mills theories and Higgs mechanism
4.1.1 Yang-Mills theories
Quantum electrodynamics was the first successful quantum field theory, describ-
ing interactions of charged particles and photons. The lagrangian of electrody-
namical part is:
Le = −1
4
FµνF
µν (4.1)
and possesses an additional symmetry: Aµ → Aµ + ∂µα, where α is any scalar
function. Photon is a massless particle, however in principle nothing, from the
theoretical point of view, stops us from introducing the massive term m2AµA
µ
except that the above symmetry would be broken. Generalising this Lagrangian
to non-abelian symmetries, we get Yang-Mills theories. The general action for
the pure Yang-Mills fields is the following:
SYM =
∫
d4xhabF
a
µνF
µνb =
1
2g2
∫
d4xTr [FµνF
µν ] , (4.2)
where Fµν are field strength tensors:
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] . (4.3)
The definitions of Aµ and Fµν are:
Aµ = igA
a
µT
a, Fµν = igF
a
µνT
a; (4.4)
and F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν , has values in some algebra A, eg. su(2)
or su(3), where fabc are structure constants of Lie algebra and g is a coupling
constant. The mapping h : A → R is the function from that algebra to real
numbers and it plays the role of a scalar product in this Lie algebra. For U(1)
group the last term in (4.3) vanishes, however for su(N) algebras, N > 1 this
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is not the case. The fields with non-abelian gauge groups are called Yang-Mills
fields. For scalar electrodynamics, after using the Noether procedure, we find
out that the derivatives in the lagrangian:
L = −1
4
FµνF
µν + (Dµφ)
∗Dµφ− V (ϕ), (4.5)
can be written in covariant way and are not the standard ones: Dµ = ∂µ+ieAµ,
where we have taken e < 0 for electron. In analogy to this one can define the
lagrangian with scalar or fermionic field coupled to SU(N) gauge field.
4.1.2 Higgs-mechanism
From experiment we know that electroweak interactions act on very short dis-
tances but if we wanted to use Yang-Mills theory to describe them, we cannot
have any mass term. Solution to this problem lies is introducing another field
which breaks the local symmetry and give mass to those fields [38]. Such situa-
tion occurs in the Standard Model where due to breaking of the SM symmetry
three out of four of electroweak boson force carriers become massive, namely
W±, Z0, while photon remains massless. Let us inspect Higgs mechanism -
spontaneous breaking of local SU(2) symmetry. The Lagrangian reads
L = − 1
2g2
Tr [FµνF
µν ] +Dµφ
†Dµφ− λ
4
(
φ†φ− v2)2 , (4.6)
where φ is a vector in fundamental SU(2) representation i.e. it has values in C2.
Aµ is defined as in (4.4). Then the lagrangian is invariant under the following
transformation:
φ→ Uφ, Aµ → UAµU−1 − (∂µU)U−1, (4.7)
where U(x) ∈ SU(2). Moreover, it possesses additional global U(1) symmetry.
Because the potential term has minima for |φ| = v we have to choose a state of
minimal energy and we choose it as
φ0 =
(
0
v
)
, (4.8)
Then we make an expansion around the vacuum / lowest energy state, such
that:
φ = U
(
0
v + ρ/
√
2
)
, (4.9)
where ρ is a real field. Of course for each φ we can find U ∈ SU(2) and ρ ∈ R,
such that (4.9) holds. We also find such a new A˜µ, that for a given U the
following holds:
Aµ = UA˜µU
−1 − (∂U)U−1. (4.10)
This particular choice of φ and Aµ gives a following Lagrangian in terms of ρ
and A˜µ:
L = − 1
2g2
TrF˜µν F˜
µν− 1
4
g2(v+ρ/
√
2)2A˜µA˜
µ+
1
2
∂µρ∂
µρ− λρ
2
2
(
v + ρ/(2
√
2)
)2
.
(4.11)
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From two complex valued field φ1 and φ2, we are left with one real field ρ and
three massive fields Aaµ, with masses:
m2
A˜a
= v2g2/2, (4.12)
m2ρ = λv
2. (4.13)
This is an example of local symmetry breaking mechanism which is responsible
for the origin of masses in Standard Model, via Higgs mechanism and chiral
symmetry breaking.
4.2 Overview of features of The Standard Model
The Standard Model consists of fermions (quarks and leptons) and bosons (glu-
ons, bosons W±, Z0, photon and Higgs particle). According to experiment there
are known 3 generations of quarks and leptons, namely: ei are: i = 1 electron,
i = 2 muon, i = 3 taon and νi denotes the proper neutrinos. On the other hand
ui and di denotes u, s, b and d, c, t quarks respectively. The left chiral quarks
and leptons are SU(2) doublets, while right chiral are siglets. Let us write the
content of this model according to [38, 46]:
Leptons:
Li =
(
νiL
eiL
)
(Y = −1/2),
Ei = eiR (Y = −1). (4.14)
Quarks:
Qib =
(
uibL
dibL
)
(Y = 1/6),
U ib = uibR (Y = 2/3), (4.15)
Dib = dibR (Y = −1/3).
and Higgs field:
Φ =
(
φ+
φ0
)
(Y = 1/2). (4.16)
Quarks and Leptons have obviously their antiparticles with opposite quantum
numbers. As we can see model doesn’t include right chiral neutrinos.
Gauge bosons:
• SU(3): Gµ = ig3GbµTb 8 gluons,
• SU(2): Wµ = ig2W aµTa 3 bosons W±,W 3,
• U(1): Bµ 1 boson,
where T b, T a are generators of respectfully SU(3) and SU(2) algebras. As we can
see the Standard Model can be divided into three sectors ie. Quantum Chro-
modynamics (QCD), Electroweak Interactions (EW) and Higgs sector. The
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strong interactions (between quarks and gluons) are described by QCD with
SU(3) symmetry group. Leptons are not interacting with gluons, so they are
not affected by it. QCD is far from being totally understood and is even to-
day investigated and posses many surprising features, like asymptotic freedom.
However, since it won’t be present in the inflation scenario, we will not focus on
it. The other two sectors, namely EW and Higgs sectors are related closely to
each other. The electroweak lagrangian density is in the form:
LEW = Lg + Lf + Lh + LY , (4.17)
where:
Lg = −1
4
B2µν +
1
2g22
Tr
[
W 2µν
]
, (4.18)
with proper field strength tensors built from Bµ and Wµ respectfully (4.3). The
Lf part is the following:
Lf = L¯iγµ
(
∂µ − i
2
g1Bµ +Wµ
)
Li + E¯iγµ (∂µ − ig1Bµ)Ei + quarks, (4.19)
The Higgs part:
Lh =
((
∂µ +
i
2
g1Bµ +Wµ
)
Φ
)†((
∂µ +
i
2
g1Bµ +Wµ
))
Φ− λ
4
(
Φ†Φ− v2)2 .
(4.20)
And the Yukawa interaction term (including quarks):
LY = L¯iΦY Eij Ej + Q¯iΦY Dij Dj + Q¯iΦ∗Y Uij U j + h.c., (4.21)
where  = iσ2. The gi’s are coupling constants to U(1)Y , SU(2), SU(3)c, re-
spectively. Because of L¯iLi = 0 relation, the masses of leptons come only from
spontaneous symmetry breaking mechanism. Generally speaking Yukawa ma-
trices are three 3 × 3 complex matrices, so they should posses 54 parameters,
but if we redefine the fields, according to [38, 46] we obtain 13 parameters: 9
masses, 3 angles and one phase. So in total the model has 18 parameters, since
we take into account 3 couplings to gauge bosons, Higgs expectation value and
Higgs self-coupling. In previous paragraph we described the Higgs mechanism
for a single Yang-Mills SU(2) field, but generalisation for SM is straightforward.
For Standard model, let us define new fields as:
Aµ =
g2Bµ+g1W
3
µ√
g21+g
2
2
, Zµ =
g2Bµ−g1W 3µ√
g21+g
2
2
(4.22)
And two complex fields:
W± = 1√
2
(
W 1µ ∓ iW 2µ
)
, (4.23)
which associated quanta are the particles: γ, Z0 and W± bosons respectfully.
If we provide e and Weinberg angle θW as:
g1 =
e
cos θW
, g2 =
e
sin θW
, (4.24)
then the electrical charge is:
Q = Y + T3, (4.25)
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where T3 is the 3-rd component of weak isospin, T3 = ±1/2 for doublets and 0
for singlets of SU(2). Masses generated via Higgs mechanism (4.12) are:
MA = 0, (4.26)
MZ =
√
2ev
sin 2θW
, (4.27)
MW =
ev√
2 sin θW
, (4.28)
MH =
√
λv, (4.29)
where we of course don’t include the effect of running coupling constant which
originates from quantum theory, even though those effects are crucial for our
understanding of the Standard Model, we will not describe them here, because
they are far beyond the scope of this work [38, 46].
4.3 Problems of the Standard Model
The Standard Model (SM) is for sure, one of the biggest achievements in the
history of knowledge of mankind. From it one can derive almost every phe-
nomenon on the Earth. Still it has some drawbacks.
First of all SM doesn’t incorporate gravity at all and so far there is no theory
which can unify particle physics and gravity for which SM will be a low en-
ergy effective theory. There are some proposals like string theory but still they
are far from being complete or having as huge predictive power as SM does.
However, those are not the only arguments. There are some cosmological issues
which cannot be explained by SM. First of all, there is no candidate for dark
matter in this theory. Dark energy and dark matter contribute roughly 95% to
the observed mass-energy in the Universe. Additionally there is no mechanism
which can provide a matter-antimatter asymmetry such that the relic density
of matter is of the order of magnitude we observe today.
Other class of problems comes from the theoretical study of SM which follow
only form investigating the model without confronting it with observations.
First of those is the hierarchy problem. Bare parameters (written down in the
lagrangian) in the model are generally different than the ones we measure. This
is due to the phenomenon of change of the coupling constants with the energy
scale, it is called running and is described on the quantum level. For Higgs
mass, from the naive point of view, the quantum corrections should be very
huge. They are called quadratic divergences, since they are proportional to the
cutoff squared. However, they are highly suppressed for this case. This means
that there should be an extremely fine cancellation between the corrections or
there should be a mechanism which explains it. The problem of calculating
Higgs mass is obviously beyond the SM problem but it is a significant one.
Another problem is called triviality. One can argue that one cannot built a
consistent QFT with Higgs field. Also CP violation strong enough to create
matter prevalence in the amount we see it today is still unsolved. Those and
other problems have to addressed, and are one of the main theoretical physics
challenges in current century.
There are in general three types of models (the division is not strict of course,
one model can be of many types) which relies on different philosophy of build-
ing such an extension. First type are the theories where the SM structure is
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incorporated into another larger theory but the SM sector is preserved in the
way it is. However, the theory underlying it possesses new concepts and struc-
ture. Good examples are Grand Unified Theories (GUT). They assume that
the initial symmetry of the theory is some single “big” gauge group and on
the certain large scale a spontaneous symmetry breaking scenario occurs, which
causes the division into the interactions the Standard Model describes. Most
popular groups are SU(5) or SO(10). Another one is supersymmetry concept.
The main idea is that each particle has its superpartner. Due to breaking of
this symmetry a superpartner of a given particle is much heavier. Second type
of theories, are those which lies on completely different fundamental assump-
tions and SM is only low-energy effective theory. The main representative is
string theory. The third type are minimal extensions in a sense they propose
only a slight extension of SM. They not only solve problems of SM but can be,
in principle, valid up to the Planck scale with no new intermediate scales and
give possible candidates for dark matter. Since, besides dark matter, no new
phenomena in particle physics are seen and low-energy supersymmetry is absent
those type of models should be analysed. The νSM is such an extension, where
only right chiral neutrinos and one scalar singlet are added. Another one is
Conformal Standard Model [30], the name comes from the fact that conformal
symmetry is broken softly [7].
5 Conformal Standard Model
5.1 Overview of the model
In this chapter we will present and discuss the Conformal Standard Model
(CSM) [30, 39], extension of Standard Model (SM). Since the experiments show
almost no deviations from SM predictions the proposed extension should pre-
serve the structure of the model and add as least as possible. Quoting the
authors: “The SM may survive essentially as is up to the Planck scale”. They
show, in the quoted articles, that their extension not only solves the problems
mentioned in paragraph 4.3, but also enlarges the neutrino sector, point out
dark matter candidates and finally gives a natural scenario for leptogenesis -
resolves the problem of matter-antimatter asymmetry. So far they proposed
two versions.
First version had a classically unbroken conformal symmetry [39]. The authors
incorporated in the model one additional massless scalar field “second Higgs”
and right chiral neutrinos. Also Higgs particle supposed to be massless in their
model. The spontaneous conformal symmetry breaking was achieved by the fa-
mous Coleman-Weinberg mechanism [9], which predicts breaking the conformal
symmetry via radiative corrections. This mechanism was the originat of the
masses in the their model. It turned out, however, that the mixing with the
heavier scalar in the two loop efective potential become too large to fit the LHC
data and because of other drawbacks of the model [7] it was abandoned and the
authors proposed a different mechanism to solve the hierarchy problem, namely
softly broken conformal symmetry (SBCS).
The assumption which underlies this concept is the following: a complete and
finite fundamental theory at UV scales exist. Moreover, the cutoff Λ of effective
field theory is treated as a physical scale. Then, since Λ is taken as a finite
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parameter, also ‘bare’ parameters are finite. One should obtain a effective the-
ory valid below Λ. There are two mechanisms which can resolve the hierarchy
problem below the cutoff scale. First: one relies on a symmetry, which will en-
sure the cancellation of ∝ Λ2 terms, like supersymmetry. In the second one the
fundamental theory singles out a particular, physical cutoff, for which squared
mass of the Higgs particle is much smaller than Λ2, also at that scale all the
quadratic divergences will vanish. Then from technical point of view the hier-
archy problem is solved. However, there arises the question for the existence of
the fundamental theory, which is still beyond our reach.
The authors adapted the second mechanism and inspected both SM and CSM
within this scenario. For Standard Model this mechanism gives the value of Λ
far beyond the Planck scale, moreover the scalar self-coupling becomes negative
near 1010 GeV, rising questions about stability of electroweak vacuum. However,
for Conformal Standard Model, for cutoff of order M2P , all SBCS requirements
[7] are satisfied. Since then CSM may provide a complete scenario up to this
scale, and as we will point out, may solve most of the puzzling issues in particle
physics and cosmology.
The authors argued that there should be only two energy scales left: one of
order Planck scale and another one is O(1) Tev. Their model has to satisfy not
only the requirement that CSM will reproduce SM observational data but also
to ensure that there are no other scales. So they propose conditions which their
model should satisfy to obtain it. They called them:
1. Perturbative consistency - absence of Landau poles up to the Planck
scale MPl.
2. Lower boundedness of the RG improved one-loop effective po-
tential.
3. Vacuum stability - Electroweak vacuum should remain in the global
minima in the region below Planck scale.
The authors checked that for their model there exist such a range of parameters
which satisfies all the three constraints. The new version consists in new, en-
larged scalar sector (with coupling to right-chiral neutrinos), new global SU(3)N
symmetry related to new scalars and right-chiral neutrinos, which is sponta-
neously broken giving pseudo-Goldstone in the sense of one-loop corrections,
which are the terms which breaks SU(3) explicitly. The authors states that
their model has additional, following advantages:
1. pseudo-Goldstone bosons can be potential Dark Matter candidates,
2. Yukawa couplings acquires the desired form for leptogenesis, see [30, 45]
for details,
3. some linear combination of pseudo-Goldstone bosons can be (in principle)
identified with axion.
The authors divided their work into three pieces:
• Scalar sector
• Fermionic sector
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• Pseudo-Goldstone bosons and their couplings
Following them, we will analyse each sector separately, but with emphasis on
scalar sector. We will incorporate it into the inflation scenario which will be
analysed in chapter 6.2.
5.2 Scalar sector
The complex scalar sextet φij = φji is introduced, which elements are: “blind to
the SM gauge symmetry, hence sterile”. They only interact with Higgs boson
and right chiral neutrinos. The further possible extension of scalar sector is
presented in next paragraph, it consist of adding a U(3) triplet ζi. And it will
be incorporated in the chapter 6.2 to keep unitary evolution up to the Planck
scale in context of Inflation. The scalars coupled to right chiral neutrinos posses
a new symmetry SU(3)N broken by Dirac-Yukawa coupling Y
ν , but very softly
O(10−6). The sextet replaces Majorana mass term by:
〈φ〉YMij → yM 〈φij〉, (5.1)
and similarly the Majorana-type Yukawa couplings. The scalar part lagrangian
is:
Lscalar = (DµH)†(DµH) + Tr(∂µφ∗∂µφ)− V (H,φ), (5.2)
and the potential is given by a formula:
V (H,φ) = m21H
†H +m22Tr(φφ
∗) + λ1(H†H)2
+λ2[Tr(φφ
∗)]2 + 2λ3(H†H)Tr(φφ∗) + λ4Tr(φφ∗φφ∗), (5.3)
where all coefficients are real. The potential is invariant under:
φ(x)→ Uφ(x)UT , U ∈ U(3). (5.4)
The three different sets of conditions ensures positivity of the classical potential:
λ1, λ2, λ4 > 0, λ3 > −
√
λ1(λ2 + λ4/3); (5.5)
λ4 < 0, λ1 > 0, λ2 > −λ4, λ3 > −
√
λ1(λ2 + λ4); (5.6)
λ2 < 0, λ1 > 0, λ4 > −3λ2, λ3 > −
√
λ1(λ2 + λ4/3). (5.7)
All of these conditions has to hold for all energies up to Planck scale, ie they
should hold for running couplings λi(µ). The analysis made in [30] ensures that
this is exactly the case. Let us assume that the mass parameters are:
m21 = −2λ1v2H − 6λ3v2φ, m22 = −2λ3v2H − (6λ2 + 2λ4)v2φ, (5.8)
then the global minimum of (5.3) is exactly:
〈H〉 =
(
0
vH
)
, 〈φ〉 = U0
 vφ 0 00 vφ 0
0 0 vφ
UT0 , U0 ∈ U(3), (5.9)
and in addition the following condition has to be satisfied:
λ1
{
λ2 +
λ4
3
}− λ23 > 0, λ4 > 0. (5.10)
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The U0 matrix will be discussed later, in paragraph concerning pseudo-Goldstone
bosons, here we will note that on the classical level one cannot determine it.
Since the symmetry of vacuum state (5.9) is SO(3), the Goldstone bosons man-
ifold M is:
M = U(3)/SO(3) ≡ U(1)B−L × SU(3)N/SO(3), (5.11)
then we have six (pseudo-)Goldstone bosons. One of them is true Goldstone bo-
son, associated with global U(1)B−L symmetry and will be called the Majoron.
The name comes from the Majorana interaction, they could violate lepton num-
ber in double beta decay, however such a particles haven’t been observed yet.
After the symmetry breaking we have:
H(x) =
(
0
vH +
1√
2
H0(x)
)
, (5.12)
is the usual Higgs field in the unitary gauge, while for φ(x) we use a following,
convinient parametrisation:
φ(x) = U0eiA˜(x)
(
vφ + R˜(x)
)
eiA˜(x)UT0 , (5.13)
where A˜ij and R˜ij are real symmetric matrices. The trace part of
G(x) = U0A˜(x)U†0 , (5.14)
is (B-L) Goldstone boson (majoron) a(x), while the traceless part are those
bosons which will be converted into pseudo-Goldstone bosons after the symme-
try breaking. So we can write:
A˜ij(x) =
1
2
√
6vφ
a(x)δij +Aij(x), TrA(x) = 0, (5.15)
and
Aij =
1
vφ
G(x) =
1
4vφ
∑
a
Gaλ
a
ij , (5.16)
where the sum is over five symmetric Gell-Mann matrices, denoted as λa, a ∈
{1, 2, . . . , 8}. They are traceless real 3× 3 matrices. With the latter three Gell-
Mann matrices with imaginary coefficients, they are generators of su(3) algebra.
They also satisfy the following property:
Tr (λiλj) = 2δij . (5.17)
For R˜ij(x) we have the same parametrisation as for A˜(x):
R˜ij(x) =
1√
6
r(x)δij +
1
2
∑
a
Raλ
a
ij(x). (5.18)
Below there are calculated some traces from CSM lagrangian (5.13) in this given
parametrisation :
Trφφ∗ =
1
2
r2(x) +
1
2
∑
i
R2i +
√
6rvφ + 3v
2
φ, (5.19)
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and:
Tr[∂µφ∂
µφ∗] = Tr[∂µR∂µR] + 2Tr
[
∂µA˜ · (vφ + R˜) · ∂µA˜ · (vφ + R˜)
]
+2Tr
[
∂µA˜ · ∂µA˜ · (vφ + R˜)2
]
. (5.20)
If we consider terms only up to second powers in fields in the lagrangian (5.2),
to find mass modes, we obtain that, the Ra modes are already mass eigenstates
with eigenvalues:
M2R = 4λ4v
2
φ, (5.21)
and the field r mixes with H0 by the mixing matrix:
M2 =
(
4λ1v
2
H 4
√
3vHvφ
4
√
3vHvφ 4(3λ2 + λ4)v
2
φ
)
, (5.22)
for which we have following mass eigenstates h0 and h
′ given by the relation:
h0 = cosβH0 + sinβr, h
′ = − sinβH0 + cosβr, (5.23)
with mixing angle β. We identify the lighter of these as observed Higgs boson
with Mh0 ≈ 125 GeV. Mixing will provide a second particle with the same
decay channels as SM Higgs, but depending on the mass scale there could be a
possibility of additional decay possibilities.
5.2.1 Further extended scalar sector
In addition to complex scalar sextet, one can introduce a complex scalar triplet
ζi (in original paper ξi, [30]) transforming under SU(3)N as a 3 vector. The
triplet is not only not coupled to SM particles (besides Higgs), but also insisting
on renormalizability it mustn’t couple to right-chiral neutrinos. So it could be
even more sterile. Then the general renormalizable and U(3)-invariant potential
is:
V (H,φ, ζ) = m21H
†H +m22Tr(φφ
∗) +m23ζ
†ζ + (m4ζ†φζ∗ + h.c.)
+λ1(H
†H)2 + 2λ3(H†H)Tr(φφ∗) + λ2[Tr(φφ∗)]2 + λ4Tr(φφ∗φφ∗)
+λ5ζ
†φφ∗ζ + 2λ6H†Hζ†ζ + 2λ7ζ†ζTr(φφ∗) + λ8(ζ†ζ)2, (5.1)
with all constants being real, except for m4. The potential is invariant under
the following transformation:
φ(x) → Uφ(x)UT , ζ(x) → Uζ(x), U ∈ U(3). (5.2)
With addition of ζ, the expectation values of 〈φij〉 can be arranged in such a
way that they are not proportional to the unit matrix:
〈ζ〉 = U0
 00
eiαvζ
 , 〈H〉 = ( 0
vH
)
, 〈φ〉 = U0
 v1 0 00 v1 0
0 0 v2
UT0 ,
(5.3)
where vζ , vH , v1v2, (v1 6= v2), and U0 are of the same origin as in the unextended
scalar sector. And α originates from arg(m4). Since symmetry of (5.3) is now
SO(2), then this time Goldstone bosons manifold is:
M = U(3)/SO(2), (5.4)
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with eight (pseudo-)Goldstone bosons. And ζ can parametrized as:
ζ(x) = U0eiA(x)ζ˜(x), (5.5)
where A(x) is the same as in paragraph 5.2 and φ is parametrised as previously.
The vacuum structure was analysed in the original article.
5.3 Fermionic sector
Since the right-chiral neutrinos are included to the model, it posesses 48 fun-
damental spin-12 particles, 16 fermions per family, where there are 3 families of
particles with different masses, see [40] for discussion the relation to supergrav-
ity. Since there is no experimental hints for additional fermions then any extra
fermionic degrees of freedom should be heavy superpartners of the SM bosons or
should be (almost) sterile. That’s why the fermionic sector is supplemented only
by 3 right-chiral neutrinos. Proposed Yukawa coupling in Conformal Standard
Model reads:
LY =−
{
Y Eij H
†LiαEjα + Y
D
ij H
†QiαDjα + Y
U
ij H
T εQiαU jα (5.6)
+Y νijH
T εLiαN jα +
1
2
yMφijN
iαN jα
}
+ h.c., (5.7)
where N¯ iα are right-chiral neutrinos. The i, j = 1, 2, 3 are the family indices,
while α’s are SL(2,C) indices, the authors uses slightly different notation than
we used in previous chapter, see [30, 31]. First three terms are exactly the
Yukawa couplings from SM. Right-chiral neutrinos transform under SU(3)N as:
N i(x)→ (U∗)ijN j(x), (5.8)
where all other fermions are inert under this symmetry. Moreover, expectation
values of sterile scalar field serve as effective couplings of right-chiral neutrinos,
which is not the case for other SM fermions. The SU(3)N is actually broken by
the interaction term:
L′Y = Y νijHT εLiαN jα, (5.9)
which is the only interaction between the right-chiral neutrinos and SM particles.
The neutrino masses emerge from spontaneous symmetry breaking, and are
respectively: for light neutrinos masses as: 0.01eV, and for the heavy ones as:
1TeV. Only if we assume that Y νij are very small, of order O(10−6), the smallness
of light neutrino masses can be explained by see-saw mechanism, see [30, 31]
and references therein.
5.4 Pseudo-goldstone bosons
The Yukawa term (5.9) gives rise not only to neutrino masses, but also via radia-
tive corrections to five Ai particles, which are converted to pseudo-Goldstone
boson while the trace part a(x) remain massless. If we redefine right-chiral
neutrino spinors to eliminate them from Yukawa interactions we obtain:
N iα =
(
U∗0 e−iA˜(x)
)
UT0 N˜ jα(x), (5.10)
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where U0 are taken such to ensure 〈A〉 = 0 of one-loop effective potential. For
remaining SM particles redefinition concern only the Majoron: a(x). Then the
Goldstone bosons appear only via derivative couplings of the type: ∂µAf¯γ
µ 1+γ
5
2 f
and in interaction term:
L′Y = −vH
(
Y νU∗0 e
−iA˜(x)UT0
)
ij
ν˜iαN˜ jα + h.c., (5.11)
then the Majoron disappears from the interaction term and is massless. The au-
thors analysed the renormalisibity of this interaction and investigated vanishing
of logarithmic and quadratic divergences. The approximate SU(3)N symmetry
ensures smallness of pseudo-Goldstone bosons masses. It also turns out that
these particle are dark matter candidates, since they are stable and the effective
coupling is extremely small - is of order 10−24 GeV.
6 Conformal Standard Model Higgs as Inflaton
Inflation scenario requires a scalar field to drive it. We can assume a fictitious,
additional to the ones we know from particle physics, scalar field to do the job,
but this will cause a lot of problems: how to quantise this field, how will it cou-
ple to other fields from SM (reheating), what other properties should it have.
So far we recognised only one fundamental scalar field, namely the Higgs field.
Then arises a question whether Higgs can serve as Inflaton. The answer is yes,
moreover the spectral index and tensor perturbations amplitude for SM are in
good agreement with experiment and these parameters are in 1σ correspondence
to WMAP-3 data [53].
Also the extensions of Standard Model, which possess enlarged scalar sector give
an opportunity to build inflation models with more than one inflaton. These
proposals with two scalar fields non-minimally coupled to gravity have been
discussed in recent literature, see [3, 20]. In most of the cases the heavier field
drops quickly to minimum leaving us with one field inflation a la Bezrukov-
Shaposhnikov with effective constants. Decoupling of the heavier field can be
understood by calculations in the effective field theory [3]. However, one of the
drawbacks of non-minimal inflation, as it was pointed out by Burgess, Lee, Trott
and Lebedev, [6, 32], is that these models suffer from problems with maintaining
unitarity for large field values. To fix it, the further, unitarisation extension is
required.
In most of the models inflaton(s) particle(s) aren’t specified explicitly. Then
these extension(s) of SM, which resolve the high energy particle physics prob-
lems and can give successful inflation, are of high interest. There are actually
two models on the table satisfying “minimal” extension property and which have
enlarged scalar sector. One of them is νMSM model [55] proposed by Shapos-
nikov and collaborators. The CSM (in both old and new version) enlarges the
model without incorporating low-scale supersymmetry and both of them add
only three additional neutrinos to the fermionic sector and extend scalar sector
property.
This chapter is organised in the following way. At first we will discuss the origi-
nal Bezrukov-Shaposhnikov article. Then we will analyse inflation within CSM.
In the following sections we will propose a natural unitarisation procedure, dis-
cuss various choices of couplings and derive a simple argument for decoupling
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of heavier inflation field. Since within whole chapter we will use extensively
conformal transformations and notion of Jordan and Einstein frame, the rela-
tion between those two frames and quantities calculated in both of them are
discussed in Appendices A.2, C.
6.1 Higgs particle as Inflaton
In this paragraph we will follow the steps described in [53], one can also look
into [54] and references therein for more details concerning pure Higgs inflation.
Let us start with Standard Model Lagrangian with non-minimal coupling to
gravity:
L = LSM − M
2
2
R− ξH†HR, (6.1)
where LSM is Standard Model Lagrangian, M is some mass parameter, H is
Higgs field and ξ is the coupling to gravity. The non-minimal coupling is a
key assumption, not-coupled Higgs cannot drive successful inflation and match
the parameters which was discussed in section 3.6. The authors argue that
there should be some “good”, non-zero choice of ξ and M such that they fit
inflation scenario and particle physics. According to [53] we will consider only
ξ such that: 1  √ξ ≪ 1017, since this will simplify formulas and in which:
M 'MP . Let us ignore gauge couplings and set unitary gauge: H = h/
√
2eiθ.
So we obtain the following action:
SH =
∫
d4x
√
|g|
[
−M
2
P + ξh
2
2
R+
∂µh∂
µh
2
+
h2∂µθ∂
µθ
2
− λ
4
(
h2 − v2)2] ,
(6.2)
where θ is massless Goldstone boson and can be integrated out since it is not
coupled to gravity. This action is well known and studied in literature eg.
[12, 24, 53]. Action (6.2) is written in Jordan frame, to perform analysis we will
change the frame to the one, where R is canonically normalised. To obtain this
we will use a conformal factor:
Ω2 = 1 +
ξh2
M2P
, (6.3)
so the transformed metric is:
gEµν = Ω
2gJµν . (6.4)
Moreover,, if we use a convenient new scalar field (C.36):
dχ
dh
=
√
Ω2 + 6ξ2h2/M2P
Ω4
, (6.5)
we arrive at the action in the Einstein frame:
S =
∫
d4x
√
gE
[
−M
2
P
2
RE +
∂µχ∂
µχ
2
− U(χ)
]
, (6.6)
where:
U(χ) =
1
Ω4
λ
4
(
h(χ)2 − v2)2 . (6.7)
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For small field values: h ' χ and Ω2 ' 1 for both fields potential has the same
initial values. However, it is not so for h  MP /
√
ξ (or χ  √6MP ). In this
limit one can solve (6.5) and get:
h ' MP√
ξ
exp
(
χ√
6MP
)
, (6.8)
from (6.7, 6.8) we obtain exponentially flat potential:
U(χ) =
λM4P√
ξ
(
1 + exp
(
− 2χ√
6MP
))−2
. (6.9)
The plot of the potential is given below and is taken from the original work of
Bezrukov and Shaposhnikov.
Figure 5: Effective potential in the Einstein frame.
We will analyse this potential using slow - roll approximation. We can calculate
slow-roll parameters (3.17), in the limit of h2 M2P /ξ  v2, as:
 =
M2P
2
(
dU/dχ
U
)2
' 4M
4
P
3ξ2h4
, (6.10)
η = M2P
d2U/dχ2
U
' 4M
2
P
3ξh2
. (6.11)
Slow roll ends when  ' 1, so hend ' 1.07MP /
√
ξ. The number of e-foldings
(C.40) is given by the formula:
N =
∫
1
M2P
U
dU/dh
(
dχ
dh
)2
dh ' 6
8
h2
M2P /ξ
. (6.12)
For all values
√
ξ≪ 1017, the v parameter doesn’t appear anywhere so inflation
stage is not affected by its value. If one uses the relation between , η and N
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and use (3.74, 3.88), one obtains a familiar relation:
n ' 1− 2η ' 1− 2/N ' 0.97, (6.13)
r = 16 ' 12/N2 ' 0.0033, (6.14)
where N ' 60. The authors argues [53] that their model agrees with inflation
data, what we can see on Fig. 2 in this paper or on Fig. [3.6]. Inserting into
COBE normalisation [36]: U/ = (0.027MP )
4 and with NCOBE ' 62, we obtain
that:
ξ '
√
λ
3
NCOBE
0.0272
' 49000
√
λ, (6.15)
so for λ ∼ O(1), ξ ' 49000 is the value for which Higgs scenario fit the data, as
we have argued in paragraph concerning Starobinsky inflation 3.7.
The authors made a statement that if one could calculate this value and com-
pare it with the data then it could provide connection between Higgs mass and
amplitude of primordial perturbations. Despite the fact that Higgs-inflation
can work, there is no theoretical explanation or observational evidence (besides
inflation and CMB of course) for introducing such a coupling. Then this calcu-
lation would provide a theoretical explanation for this kind of scenarios. Also
this statement sums up actual development of inflation scenarios that (almost)
all inflation models share the property of being only effective models rather than
fundamental theories. Moreover, one can speculate that giving an explanation
of relation of ξ and mH will be a huge step towards our understanding the Uni-
verse and quantum gravity. However, this problem seems to be unsolvable yet.
6.2 Inflation scenario within Conformal Standard Model
In this and the two following paragraphs we will propose and discuss a similar
scenario within Conformal Standard Model. To analyse non-minimally coupled
inflation, within the CSM, we have to simplify it. We restrict ourselves only
to interactions associated with H0(x) and r(x) and their couplings to gravity
as we usually do when concerning multi-inflation. However, one can argue that
these assumptions are quite artificial even though frequently used [4]. We will
take only r(x) not full Tr(φφ∗) into account in the section 6.6. So, from our
assumptions, only diagonal term of R(x) remains. Then the kinetic term is:
Tr[∂µφ∂
µφ∗] = ∂µr∂µr + 4r2∂µA˜∂µA˜, (6.16)
and as we can see the kinetic term associated with A˜(x) decouples and will be
no longer considered. For this assumption also another equality holds:
Tr[φφ∗φφ∗] =
1
3
(Tr [φφ∗])2 .
Then the potential (5.3), using (5.12, 5.13), is given by the formula:
VJ(H,φ) =
1
4
λ1(H
2
0 − v2H)2 +
1
4
λp(r
2 − v2φ)2
+
1
2
λ3
(
H20 − v2H
) (
r2 − v2φ
)
, (6.17)
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with λp = λ2 + λ4/3. The unbounded from below conditions for this potential
were discussed in section 5. From now on we will use the following notation:
h := H0(x) and s := r(x). We proposed that the inflation comes from non-
minimally coupled to gravity lagrangian which in Jordan frame reads:
L = 1
2
∂µh∂
µh+
1
2
∂µs∂
µs−
(
M2P + ξ1h
2 + ξ2s
2
)
2
R− VJ(h, s), (6.18)
with ξi > 0. We will proceed in the scheme of [20, 32]. First, to change the
frame to the Einstein one we make the following conformal transformation:
g˜µν = Ω
2gµν , Ω
2 = 1 + ξ1h
2+ξ2s
2
M2P
. (6.19)
We set MP = 1 to simplify the equations but it will be restored later on for
slow-roll parameters analysis. Then from (C.45) we obtain:
LE = −R
2
+
3
4
[
∂µ log(Ω
2)
]2
+
1
2Ω2
[
(∂µh)
2 + (∂µs)
2
]− 1
Ω4
V (H0, r). (6.20)
Since for inflation scenario we consider large fields limit, which is notabene
necessary to recover canonical kinetic terms and is discussed in appendix C.2,
we take:
ξ1h
2 + ξ2s
2 M2P  v2i , (6.21)
If we redefine the fields as:
χ =
√
3
2
log(ξ1h
2 + ξ2s
2), (6.22)
τ =
h
s
, (6.23)
then the kinetic part of the lagrangian reads:
Lkin = 1
2
(
1 +
1
6
τ2 + 1
ξ1τ2 + ξ2
)
(∂µχ)
2 +
1√
6
(ξ2 − ξ1)τ
(ξ1τ2 + ξ2)2
(∂µχ)(∂
µτ) (6.24)
+
1
2
ξ21τ
2 + ξ22
(ξ1τ2 + ξ2)3
(∂µτ)
2. (6.25)
We are interested in large fields and coupling regime: ξ′ = ξ1 + ξ2  1. This
is the same case as for single Higgs inflation, where ξ ≈ 49000√λ. Then the
mixing term (∂µχ)(∂
µτ) and the second term in front of (∂µχ)
2 are suppressed
by term 1/(ξ′) so the kinetic part is:
Lkin ' 1
2
(∂µχ)
2 +
1
2
ξ21τ
2 + ξ22
(ξ1τ2 + ξ2)3
(∂µτ)
2, (6.26)
and the potential in new variables reads:
VE(τ, χ) = U(τ)W (χ) =
λ1τ
4 + λp + 2λ3τ
2
4(ξ1τ2 + ξ2)2
(
1 + e−2χ/
√
6
)−2
. (6.27)
The calculated minima of U(τ) are shown in the table below, with a = λ1ξ2 −
λ3ξ1, b = λpξ1−λ3ξ2. In the section 6.3 we will show that the ratio of fields drops
eventually to stable minimum, before the inflation ends and Shaposhnikov-type
evolution of χ is described in the paragraph 6.4.
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Table 1: Minimal values of the radial part of inflation potential
τ0 values stable minimum condition U0
τ0 = 0 a > 0 and b < 0
λ1
4ξ21
,
τ0 = +∞ a < 0 and b > 0 λp4ξ22 ,
τ0 = ±
√
b
a a > 0 and b > 0
λ1λp−λ23
4(λ1ξ22+λpξ
2
1−2λ3ξ1ξ2) ,
τ = 0 or τ0 = +∞ a < 0 and b < 0 λ14ξ21 or
λp
4ξ22
.
Then we have two types of scenarios. Either we have single Inflaton case: Higgs
or single “shadow” Higgs inflation, when τ0 obtains zero or infinity value. Or
we have multi-inflaton scenario, where ratio of fields goes to the value: τ0 =√
b
a . Single Higgs scenarios we will describe briefly below, here we will addresss
scenario when a, b > 0. To have desired values of parameters, the following
conditions has to be satisfied:
a = λ1ξ2 − λ3ξ1 > 0, (6.28)
b = λpξ1 − λ3ξ2 > 0, (6.29)
λ1λp − λ23 > 0, (6.30)
where the third one is required to prevent from metastability of electroweak
vacuum and for a positivity of vacuum energy during inflation stage. If look
at constraints for parametrisation (5.10) and constraints for couplings given
by CSM (5.5), the last condition is satisfied due to fact, that VJ has to be
unbounded from below. For λ3 < 0 both: a > 0 and b > 0 are obviously
satisfied. On the other hand the last condition is automatically satisfied for
λ3 > 0 since it comes from the first two. Moreover, the choice λ3 < 0 is more
convinient to predict the theoretical Higgs mass the same as its observed (125
GeV) value.
So for the these choice of parameters (5.5) the CSM model is consistent with
the inflation scenario. The measurement of λ3 is crucial to determine which of
the final values of τ0 could be obtained in inflation. Assuming that the shadow
Higgs would be found in LHC and the measured value of λ3 will be less than
zero then single Higgs scenario presented in [53] will be immediately falsified,
even for ξ1 = 0 or ξ2 = 0. Moreover, for λ3 > 0 single or mixed Higgs scenario
can be realised in CSM with non-minimal couplings. So inflation in CSM can
contain these two types of scenarios.
6.3 Analysis of U(τ) potential
We would like to show that τ drops quickly to the minima so it can be integrated
out while W (χ) is almost constant. The are many arguments advocating this
thesis presented in the literature, see for example [3, 32] or [20], but some of them
seems to be a bit heuristic rather than rely on the simple calculation presented
below which can easily extended. To prove it we start with the action:
S =
∫
d4x
√
|g|
[
1
2
∂µχ∂
µχ+
1
2
ξ21τ
2 + ξ22
(ξ1τ2 + ξ2)3
(∂µτ)(∂
µτ)− VE
]
, (6.31)
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If we assume that: χ(t, ~x) = χ(t) and τ(t, ~x) = τ(t) and the metric is in the
FLRW form, we obtain the following action:
S =
∫
dta3
[
1
2
(∂tχ)
2 +
1
2
b(τ)(∂tτ)
2 − V (τ, χ)
]
, (6.32)
where B(τ) =
ξ21τ
2+ξ22
(ξ1τ2+ξ2)3
. The Euler-Lagrange equations are:
∂L
∂φi
− ∂µ
(
∂L
∂∂µφi
)
= 0, (6.33)
so we obtain equations for τ , χ supplemented by Friedmann equation for H:
τ¨ + 3Hτ˙ = −1
2
∂ lnB(τ)
∂τ
τ˙2 − 1
B(τ)
∂V
∂τ
, (6.34)
χ¨+ 3Hχ˙ = −∂V
∂χ
, (6.35)
H2 =
1
6
(
χ˙2 +B(τ)(τ˙)2 + 2V (τ, χ)
)
, (6.36)
We used the fact that B˙(τ) = ∂τB(τ)τ˙ so after applying slow-roll conditions we
obtain:
τ˙ = − 1
B(τ)
∂ lnV
∂τ
√
V , (6.37)
χ˙ = −∂ lnV
∂χ
√
V , (6.38)
3H2 = V (τ, χ). (6.39)
If we use the fact that for large values of χ: V (τ, χ) ' 14U(τ) we get:
τ˙ = −
(
ξ1τ
2 + ξ1
) [−bτ + aτ3]
(ξ21τ
2 + ξ22) (λp + 2λ3τ
2 + λ1τ4)
1/2
, (6.40)
with χ ' const. In the first order approximation: (λp + 2λ3τ2 + λ1τ4)1/2 '√
λ1τ
2 and after integration we obtain:
− t+ C =
√
λ1 ln
(−b+ aτ2)
2a
, (6.41)
where C is constant of integration. Then we get:
τ2 =
b
a
+ e−2at/
√
λ1 · e2aC/
√
λ1 , (6.42)
If we take λ3 < 0 then a 
√
λ1 and we have quick decay to the value b/a.
However, also for λ3 > 0 we have decay but the rate of decay cannot be estimated
without knowing specific values of the parameters. And in the second order
approximation:
(
λp + 2λ3τ
2 + λ1τ
4
)1/2 '√λ1τ2(1 + λ3
λ1τ2
)
,
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so there is no explicit formula for τ(t):
− t+ C = (a+ λ1b) ln
(−b+ aτ2)− 2a ln(x)
2ab
√
g
, (6.43)
However, for b  1 and λi ∼ O(1) we can drop the − ln(x)/(b√g) term and
obtain the same asymptotic behaviour. One can ask question, why we can use
slow-roll conditions while we observe that changes of τ are rapid? It turns out
that if one plugs this solution into the full equation then it can be seen that the
deviation vanishes exponentially. This comes from the fact that K-G equations
possess an attractor solution [51] because U(τ) has only one stable minimum.
Then τ behaves in such a way that slow-roll conditions are satisfied. Since then
locally all the solutions converge to τs, when s denotes slow roll solution which
is an attractor in the space on solutions. Because τ exponentially fast drops to
potential minima, one can think about it as proto-inflation step which is needed
to solve the initial conditions problems indicated in [11]. It has to be checked
in detail whether this is the case.
6.4 χ behaviour, parameters and observables from CSM
inflation
Since the heavy state decouples we are left with classical Bezrukov-Shaposhnikov
evolution:
V (χ) =
λeff
4ξ2
W (χ), (6.44)
with ξ = ξ1τ
2
0 + ξ2 and λeff = λ1 + λpτ
4
0 + 2λ3τ
2
0 . This potential was analysed
in section 6.1 and has the same shape as in Fig. [6.1]. Here we recall the general
scheme. For large χ potential is flat and the inflation occurs. As the field rolls to
smaller values the  ' 1 gives the end of inflation where the slow roll parameters
are:
 =
M2P
2
(
dW/dχ
W
)2
' 4M
2
P
3
e−4χ/
√
6(
1 + e−2χ/
√
6
)2 , (6.45)
η = M2P
d2W/d2χ
U
' −4M
2
P
3
e−2χ/
√
6 1− 2e−2χ/
√
6(
1 + e−2χ/
√
6
)2 . (6.46)
The number of e-folds is given by (3.20, C.40):
N =
∫ i
e
V (χ)
V ′(χ)
dχ =
3
4
[
e2χi/
√
6 − e2χe/
√
6 +
2√
6
(χi − χe)
]
, (6.47)
and the slow roll conditions are violated for e2χe/
√
6 ' 0.155. Then the initial
value of the field, for N = 60, is given by: e2χe/
√
6 ' 80. Hence the initial values
of fields, after the decoupling stage, are given by:
si 'MP
√
4N
3ξ
, (6.48)
hi 'MP
√
4N
3ξ1
√[
1− ξ2
ξ
]
. (6.49)
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Inserting it into COBE normalisation [36]: W/ = (0.027MP )
4 and withNCOBE '
62, we obtain that (in analogy to Bezrukov-Shaposhnikov):
ξ '
√
λeff
3
NCOBE
0.0272
' 49000√λeff , (6.50)
for λeff ∼ 1 the coupling to gravity is: ξ ' 49000 = ξ1τ20 + ξ2. Since τ2 ∼
v2H/v
2
φ = O(1), then roughly ξ′ ' ξ. The spectral tilt is (since it depends on
the shape of the potential rather then its amplitude and can be expressed by 
and η, as we have shown in section dedicated to inhomogeneities 3.4):
ns ' 1− 2
N
' 0.97, (6.51)
with tensor to scalar ratio: r ' 12/N2 ' 0.0033. Hence Conformal Standard
Model with two non-coupled to gravity scalars can provide a successful inflation
scenario which fits the data. Not only we have showed the parameters required
to provide successful inflation scenario are in agreement with CSM predictions
but moreover quantum effects of running coupling constants were addressed
for both two scalar inflatons and CSM in details, see [20, 32] and for CSM
[7, 30]. With present measurements we find it impossible to distinguish between
Starobinsky model and its descendants by measurement of r and ns only. Even
natural inflation discussed in the outline 7.2 and [14] which relies on different
mechanism is hard to be falsified.
The scale on which the new physics should appear (unitary violation) is the
µU ∼M2P /ξ′, as we will show in the next paragraph. Since the particle physics
couplings haven’t been specified yet we cannot be sure whether unitarisation
procedure is required for h field. The φ sextet is sterile so there might be a
suitable sort of parameters for which h interactions don’t break the unitary
evolution, see [33]. On the other hand, if it is not the case we present below
that addition of one sterile scalar is sufficient. Moreover in CSM there is such
a natural extension, which was presented in paragraph 5.2.1.
6.5 Violation of unitary evolution
Now we will address the unitary violation and unitarisation at scale MP /ξ
′, in
the manner of [32]. As a setup let us take initial field values |h|  Mp/ξ1 and
|s| MP /ξ2, then up to leading order the kinetic term of lagrangian in Jordan
frame (6.20) is:
Lkin ' 1
2
(1 + 6ξ22s
2)(∂µs)
2 +
1
2
(1 + 6ξ21h
2)(∂µh)
2, (6.52)
and the canonically normalized variables are:
ρ = s(1 + ξ22s
2), ϕ = h(1 + ξ21h
2). (6.53)
Now we would like to make an expansion around the expectation values:
ρ = ρ0 + ρ¯, ϕ = ϕ0 + ϕ¯, (6.54)
and the same for s = s0 + s¯ and h = h0 + h¯. The fluctuations are related by:
s¯ ' (1−3ξ2s20)ρ¯−3ξ22s0ρ¯2 and h¯ ' (1−3ξ2h20)ϕ¯−3ξ22h0ϕ¯2. Now we will consider
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the interaction of Higgs with the gauge bosons (4.11):
Lgauge = 1
2
g2h2W+µ W
µ−, (6.55)
where we used Standard Model W±µ fields, and g is the coupling. Since the
terms of order ξ1h
2 and ξ2s
2, compared to ξ21h
2 and ξ22s
2, are negligible in this
case for canonical variables we obtain:
Lgauge = 1
2
g2ϕ20
(
1 + 2a
ϕ¯
ϕ0
+ b
ϕ¯2
ϕ20
)
W+µ W
µ−, (6.56)
with a = 1− 3ξ1ϕ2 and b = 1− 12ξ1ϕ2, where we also put: h0 ≈ ϕ0. Since the
normalisation of the WW scattering is non-canonical, one can show that the
amplitude grows with energy: A(WW →WW ) ∼ ξ21E2 and unitarity is broken
at MP /ξ1 energy scale [6, 32, 33]. The unitarity is also spoiled in the scalar
interaction by 6-point interactions at the same scale.
6.5.1 ζ field unitarization
Since the CSM model shouldn’t provide any new mass scale up to Planck scale
one can introduce a new heavy scalar particle to restore unitary evolution. In
CSM this is quite natural, as it was pointed in Appendix A of [30] and many
times within this thesis. If one takes a particular lagrangian in Jordan frame:
LJ = −1
2
(M2P +ξ3σ
2+ξ˜1h
2+ξ˜2s
2)R+Lkin− 1
4
κ(σ2−Λ2−αh2−βs2)2−VJ(h, s),
(6.57)
with Λ = 1/
√
ξ3 and σ ≡ ζ˜, where we took the analog of unitary parametrisation
(5.5) for ζ. If we take ξ˜1, ξ˜2  ξ3; Λ  vi then in low energy limit the σ-field
can be integrated out, by minimalizing the potential:
σ2 = Λ2 + αh2 + βs2, (6.58)
and the effective action is the one we have inspected before with effective cou-
plings: ξ1 = ξ˜1 +αξ3, ξ2 = ξ˜2 + βξ3. Let us briefly inspect the inflationary case
(when σ  Λ). Then in the Einstein frame the kinetic part reads:
Lkin =3
4
[
∂µ ln(ξ3σ
2 + ξ˜1h
2 + ξ˜2s
2)
]2
(6.59)
+
1
2(ξ3σ2 + ξ˜1h2 + ξ˜2s2)
· [(∂µσ)2 + (∂µh)2 + (∂µs)2] , (6.60)
with the following definitions:
χ =
√
3
2 ln(ξ3σ
2, ) τh =
h
σ , τs =
s
σ , (6.61)
To the leading term in 1/ξ3 the kinetic part is:
Lkin = 1
2
(∂µχ)
2 +
1
2ξ3
(∂µτh)
2, (6.62)
with mixing terms suppressed. For large σ and ξ3 the potential term becomes:
V ' 1
4ξ23
[
κ(1− ατ2h − βτ2s )2 + λ1τ4h + λpτ4s + λ3τ2hτ2s
]
. (6.63)
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Therefore this model possesses the same properties as the original inflation
scenario does, this time however two fields drop to minima. One can check
that the same conditions for couplings in both models (recalling that ξ1 ' αξ3,
ξ2 ' βξ2) need to hold [32]. Since the shape of the potential is preserved:
U(χ) =
λeff
4ξ23
(
1 + exp
(
− 2χ√
6
))−2
, (6.64)
the observational predictions (r, ns) aren’t spoiled. The λeff is obtained by
minimalization of V for large χ. One can take ξ˜1,2 ∼ O(1) and the unitary con-
straints are satisfied up to the Planck scale. Moreover, large vacuum energy of
the Higgs field which contributes from dropping into minimum can successfully
take part in the reheating process [33]. One can also take only ζ and H0 as
inflatons and then inspect inflation conditions in the manner presented here.
One can think also, in the case of addition a heavy sterile scalar ζ, about a larger
fraction of induced gravity scenario, with proper ξ3 obviously. Then inflation,
as a theory, would be a bridge between regime of quantum gravity and particle
physics. The addition of ζ scalar triplet also opens the possibility of U(1) sym-
metry breaking in lagrangian and drive inflation by additional pseudo-Goldstone
boson in the manner of pure natural inflation (NI) or as as an additional field
coupled to gravity, like in Gong, Lee and Kang article [20]. We will briefly
discuss both possibilities in the outline and extensions section.
6.6 Possible modifications of coupling to gravity
In the previous paragraph we have investigated importance of possible extension
of Conformal Standard Model. In this chapter we would like to discuss possible
modifications of previously analysed scenario by modifying the non-minimal
coupling. The proposed in this work coupling to gravity:
Ω2 =
M2 + ξ1h
2 + ξ2r
2
2
, (6.65)
might look quite strange even though our assumption that only diagonal terms
are important is obviously justified for (6.65) (because we are considering cou-
plings to gravity with values much bigger than one, while the other couplings
are of order one). Since the Tr(φφ∗) is the full quadratic term in the model and
at first sight looks more natural:
Ω′2 =
M2 + ξ1h
2 + ξ2Tr(φφ
∗)
2
, (6.66)
there are two reasons why we didn’t inspect that scenario. First one is simplicity
of the model. For the full Tr(φφ∗) there would be no physical reason to drop
the non-diagonal interactions for φ. Without doing so, the analysis seems to be
impossible even if we treat all Ri’s as the one effective field. The second reason
is the following: if we take mixing matrix eigenstates as inflatons (5.23):
h0 = cos(β)H0 + sin(β)r, h
′ = − sin(β)H0 + cos(β)r, (6.67)
with mixing angle β, and propose the coupling as:
Ω2 =
M2P + (ξ
′
1h
2
0 + ξ
′
2h
′2)
2
. (6.68)
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Then we can find such ξ′1, ξ
′
2, and by redefining λi’s and/or vi if necessary, that
for a given β we can get such a set of parameters for H0 and r which will fit the
stable minimum of V (s, χ) and give the same observational data. There is also
another (natural) way of defining the coupling:
Ω2M =
M2P + ξ(h
2
0 + h
′2)
2
, (6.69)
then we obtain the following relation: ξ1 = ξ cos
2 β, ξ2 = ξ sin
2 β. Since the
β ≈ 0 then the lighter eigenstate has dominant role and for this case the heavy
state decouples even faster and can be better understood using simpler ar-
guments [20]. So we obtain (almost) single Higgs scenario for this coupling.
However, for this proposal there is no set parameters which can prevent from
spoiling unitarity without introducing a new degree of freedom.
7 Summary and outlook
7.1 Summary
In this thesis we have analysed the inflation scenario, where the mixed mass
states of Higgs and “shadow” Higgs where considered as inflatons. The decou-
pling of heavier state was broadly discussed. It turned out that for large set
of parameters the presented mechanism gives successful inflation scenario. The
stable minima of the potential were identified and all three cases, ie τ0 =
√
b
a ,
τ0 = 0, τ0 = +∞, were discussed. The consistency with CSM and observational
data was checked. One has to stress that the presented model doesn’t posses a
unique prediction for inflation. However, it can be potentially falsified on the
particle physics side. Moreover, the following modification (addition of induced
gravity couplings) doesn’t spoil the gravity observations so far. So this model
together with CSM provides, in principle, a unified scenario for all cosmological
and particle physics issues excluding dark energy and quantum gravity, up to
the Planck scale. Such a unified description seemingly hasn’t been discussed
before. It was also argued that such inflation model is valid up to the Planck
scale since there is a natural extension of CSM, by additional scalar triplet,
while many other models suffer from incomplete description concerning only
inflation. So the power of the presented scenario lies on the fact that it there is
one unified description for broad range of cosmological observables. The further
extensions of presented scenario and other mechanisms of inflation within CSM
are discussed in the next subsection.
7.2 Outlook and further work
One can ask whether Conformal Standard Model can provide a successful infla-
tion itself, without induced coupling to gravity or coupling ξ  ξeff . To find
out, one has to explore the features of the model. There are some possibilities
which could be investigated:
K-inflation
As it was pointed out by Picon, Damour and Mukhanov inflation may not only
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originate from a specific type of potential but can be also driven by higher
kinetic terms. Let us consider a lagrangian:
S =
∫
d4x
√
|g|M
2
P
2
R+ p(X,ϕ), (7.1)
with X defined in [3.4] as X = gµν∂
µϕ∂νϕ. If we impose that when X → 0
then p(X,ϕ) vanishes we can expand matter lagrangian in the powers of X near
X ≈ 0. One of the motivations to study such a theory is low energy effective
action for string theory or models possessing effective action with two scalar
fields with quartic potentials coupled to each other as was pointed out in [3]. It
was discussed [2, 17] that such a lagrangian of type:
L = K(ϕ)X + L(ϕ)X2, (7.2)
can lead to a successful inflation scenario with graceful exit. They also calcu-
lated spectral-tilt and tensor-to-scalar ratio. As we have showed in section 3.4
these quantities in general depend on c2s i.e. the speed of sound. It is not equal
to one for higher kinetic terms and can provide in general proper values of r
and ns. Since the multiinflation model effective actions can give rise to such a
lagrangian it is worth studying within CSM.
Natural inflation
Another mechanism for successful inflation scenario is called natural inflation
[14]. The Inflaton in this model is pseudo-Goldstone boson(s) with potential
of form: V (φ) = Λ4 [1± cos(φ/f)] . The Goldstone bosons become pseudo-
Goldstone bosons (PGB) when there is an explicit symmetry breaking and the
only symmetry remaining is the shift symmetry: φ→ φ+ const. The flatness of
the potential and slow-roll conditions is obtained due to those remaining sym-
metries. This scenario is called natural since it satisfies naturalness condition
proposed by van ’t Hooft: a small parameter α is called natural if, in the limit
α→ 0, the symmetry of the system increases. Here the naturalness corresponds
to:
χ = ∆V/(∆φ)4 =
height
width4
≤ 10−6, (7.3)
ie the ratio between height of the potential to the width should be quite small,
however most of particle physics potentials give: χ = O(1). So for the QCD
axion, where:
Λ/f4 ∼ 10−64, (7.4)
which the authors took as the inflaton initially, with self-coupling χ. Moreover,
Freese and Kinney advocates in 2014 article, that Natural Inflation seems to be
consistent with Planck CMB data. Conformal Standard Model posses, in new
version five pseudo-Goldstone bosons, which can potentially drive inflation. Also
with new field ζ one can think of interaction which will break a global symmetry
and provide a pseudo-Goldstone boson as an additional inflaton “helping” non-
minimal coupling inflation.
Conformal anomaly driven inflation
In classical conformal field theory the energy-momentum tensor is invariant
under rescalings, ie it’s traceless. However, quantum effects can give rise to
non-zero expectation value of Tˆµν for these theories and that quantity is called
the conformal anomaly. The origin and its general analytic form is broadly
58
studied using effective action. Then classical conformal invariance is broken at
the quantum level:
gνµ〈Tµν〉 6= 0, (7.5)
moreover the anomalous trace is of geometric origin and independent of the
state. It can be written as:
Tµµ =
1
180(4pi)2
(
csC
2 + asE4
)
, (7.6)
where
C2 = RµνρσR
µνρσ − 2RµνRµν + 1
3
R2, (7.7)
E4 = RµνρσR
µνρσ − 4RµνRµν +R2, (7.8)
and as and cs depends on the field(s) spin which are involved. So, with gravity
included, we want to solve the following equation:
Rµν +
1
2
Rgµν = 8piG〈Tµν〉, (7.9)
and as we can see it can have a drastic effect on the Einstein field equation,
like in [18]. For maximally symmetric spacetimes trace anomaly acts exactly as
cosmological constant for these spacetimes. Then it can give rise to de-Sitter
solution to the Einstein equations. Also there is a graceful exit [23, 56] and there
exists a natural solution which decays into matter-dominated FLRW universe.
The authors of [23] show that this can be achieved for N = 4 super Yang-Mills
theory and they calculated the inflation parameters and number of e-folds – it
turned out that this approach is within the current experimental data for some
modified gravity theories [4]. Then one can apply their methods for Conformal
Standard Model, calculate trace-anomaly and see whether it can give Inflation
scenario, either with non-minimal coupling(s) or without. Moreover, vanishing
of the Tµν can be related to N ≥ 5 super-gravities with which CSM seems to
be connected, see [41].
We would like to stress that all the components are already in the model. For
all three possibilities one has to check whether there is a suitable choice of pa-
rameters in CSM such that the Inflation scenario can occur and moreover they
can fit the CMB data. If it is so, it would be an argument in favor of the CSM
model, since this model would provide an inflation scenario within itself, with-
out assuming further assumptions or conditions like large non-minimal coupling
to gravity. There could be also more than one mechanism driving the inflation.
Other similar extensions of SM, like νMSM [55], can also provide an inflation
phase. However, for this particular model inflation with non-minimal couplings
hasn’t been yet fully analysed, as far as the author is informed. The features
of both models, when concerning inflation scenario, seem to be very similar. So
the analysis performed in this paper can be easily repeated for νMSM, however
that model lacks an additional, natural extension which can preserve unitarity.
There is also one more problem with all those models, the initial conditions
problem. Namely the R2 (Starobisky) Inflation type scenarios, like for example
Higgs coupled to gravity [53], matches the data, but they have problems close
to the Planck scale. The quantum fluctuations in the Planck scale are so large
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that can stop the expansion so the Universe will stay in this phase. The authors
[11] proposed a scenario where there is a proto-inflation field which provides
a¨ > 0 and homogenise the Universe and then Starobinsky inflation takes place.
This scenario might be promising due to resolving both problems of fine tuning
in high energies and matching the data. This initial conditions problem was
addressed in [11] but could also be resolved by decoupling of heavy scalar de-
gree(s) of freedom, like ζ, τ , which should be investigated. These decoupling
can also give high average value of the energy and then resolve the problems of
reheating.
Besides proposing and investigating the CSM-inflation scenario, this thesis had
a second purpose from very beginning. The inflation programme is far from
complete and the literature of the subject is vast but a bit messy, in a sense
there are no standard convention. The author decided to find, among broad
and diverse literature, the most general derivations, arguments and reasonings
concerning that part of cosmology and put them together. This is why the
chapters 2-3, appendices and parts of 6.1 are written in a very general manner,
to cover possibly all the scenarios and mechanisms discussed. The author hopes
that these chapters could serve as an entry level manual for researchers inter-
ested in inflation. It is especially dedicated to those who aren’t familiar with
the formalism or even with general relativity. The manual should be obviously
supplemented by detailed discussion of renormalisation procedure and effective
action which are tools broadly used and needed to investigate inflation scenario
fully and which are absent in this thesis. The chapters concerning Standard
Model and Conformal Standard Model are very brief and discuss only issues
required to study inflation scenario within the framework of particle physics.
Such a selection of material and structure of text helped to understand these
issues at least one person, the author.
Thesis is based on article [29].
A General Relativity appendix
A.1 Tensor calculus
Differentiation
• φ,ν := ∂νφ, means standard derivative,
• φ;ν , means covariant derivative.
Covariant derivative for scalar field is equal to the standard one: φ,ν = φ;ν . For
a vector field:
Vµ;ν = ∇νVµ = ∂νVµ + ΓσµνVσ,
and contravariant:
V µ;ν = ∂νV
µ − ΓµνσV σ,
where connection coefficients are: Γµνσ defined in (A.1, A.2). One can extend it
to other types of fields of course.
Christoffel symbols
Christoffel symbols of first kind are defined as follows:
Γµνρ =
1
2
[∂ρgσν + ∂νgσρ − ∂µgρν ] . (A.1)
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And of second kind (broadly used in General Relativity) as:
Γσνρ = g
µσΓσνρ. (A.2)
Riemann tensor.
Riemann curvature tensor in coordinates is defined as [8]:
Rαβγδ = ∂γΓ
α
βδ − ∂δΓαβγ + ΓαµγΓµβδ − ΓαµδΓµβγ . (A.3)
It has 256 componets, but many of then are the same / vanishes by symmetry.
The easiest form to show those is full covariant version: Rαβγδ = gσαR
σ
βγδ.
Then we have the following symmetries [35]:
Rαβγδ = −Rβαγδ, (A.4)
Rαβγδ = −Rαβδγ , (A.5)
Rαβγδ = Rγδαβ , (A.6)
Rα[βγδ] = Rαβγδ +Rαγδβ +Rαδβγ = 0, (A.7)
where the final one is called First Bianchi identity. The second Bianchi identity
reads as:
Rαβ[γδ;] = 0. (A.8)
We define Ricci tensor as:
Rµν = R
α
µαν , (A.9)
which is symmetric in its indices and is also only non-vanishing contraction of
Riemann tensor. We can also define Ricci scalar curvature as:
R = gµνRµν =
3∑
i=0
Rii. (A.10)
And finally we introduce Einstein tensor as:
Gµν = Rµν − 1
2
gµνR, (A.11)
which is the left hand side of Einstein equations.
A.2 Conformal transformations
Let Ω2(x) be a positive function with no critical point, then we call a following
transformation conformal mapping on Lorentz manifold M:
gˆµν = Ω
2(x)gµν , (A.12)
gˆµν = Ω−2(x)gµν , (A.13)√
ˆ|g| = ΩD
√
|g|, (A.14)
where D is the dimension of spacetime. The Ω2 function may also depend on
other fields described in theory like in (3.94). Then connection coefficients also
transforms [26, 48] as:
Γˆσµν = Γ
σ
µν +
[
δσν ∂µ + δ
σ
µ∂ν − gµνgσρ∂ρ
]
ln Ω. (A.15)
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And the Ricci tensor is as following (A.9):
Rˆµν = Rµν + [(D − 2)∂µ∂ν − gµν] ln Ω+ (A.16)
+(D − 2) [∂µ ln Ω∂ν ln Ω− gµνgαβ(∂αΩ)(∂β ln Ω)] .
And finally the Ricci scalar (A.10):
Rˆ = Ω−2
[
R− 2(D − 1)
Ω
Ω− (D − 4)(D − 1)
Ω2
gαβ(∂αΩ)(∂βΩ)
]
, (A.17)
where  is D’Alembert operator:  = gµν∂µ∂ν .
A.3 Geodesic equation
Since the square of infinitesimal length is given by the formula:
ds2 = gµνdx
µdxν
So length of the curve from point λ1 to λ2 is:
S =
∫ λ2
λ1
ds =
∫ λ2
λ1
√
gµν(x(λ))
dxµ
dλ
dxν
dλ
dλ, (A.18)
and we assume that particles travel on geodesics, namely on the curves which
length is extremal. So if we calculate the variation of (A.18):
δS =
∫
δ
 (gµνdxµdxν)
2
√
gµν
dxµ
dλ
dxν
dλ
 dλ,
then we will reparametrize with proper time τ coordinates to get gµν
dxµ
dτ
xν
dτ = 1,
so we are left with equation:
0 =
∫
δ
(
gµν
dxµ
dτ
dxν
dτ
)
dτ.
From this we obtain:
0 = 2
∫
dτδxν
[
gµν
d2xµ
dτ2
+
1
2
dxρ
dτ
dxν
dτ
(∂ρgµν + ∂νgµρ − ∂µgρν)
]
.
Because for every δxµ the integral has to be eual 0, we deduce that following
equation has to be satisfied:
d2xµ
ds2
+ Γµνρ
dxρ
ds
dxν
ds
= 0, (A.19)
where Γµνρ is Christoffel symbol of second kind (A.2).
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A.4 Einstein-Hilbert action
Einstein equations relates metric with energy-momentum tensor. They can be
derived from the following action using stationary action principle:
S =
∫ (
1
2κ
R+ Lm
)√
|g|d4x, (A.20)
where κ = 8piGc−4. And Einstein equations are:
Rµν − 1
2
Rgµν = Tµν . (A.21)
Since by Lovelock theorem the Einstein-Hilbert action isn’t the only fundamental
proper action built from metric tensor and can be further generalised, since then
there are many extensions. One natural extension is general f(R) gravity where
action is given by:
S =
1
2κ
∫
d4x
√
|g|f(R) + Sm, (A.22)
So Starobinsky action is among them where f(R) is given as:
f(R) = M2P
(
R+ βR2
)
, (A.23)
with β = 1
6M2PM
2 . We obtain the following derivatives:
f˙(R) = R˙+ 2βRR˙, f,R = 1 + 2βR f˙,R = 2βR˙. (A.24)
For general f(R) action we will show how to derive equations for metric tensor.
For this case:
0 = δS =
1
2κ
δ
∫
d4x
√
|g|f(R) + δSm
=
1
2κ
∫
d4x
√
|g|gµν
2
f(R)δgνµ + f,RδR+ δSm, (A.25)
where f,R =
df(R)
dR . After an easy calculation [26] we obtain:
δR = Rµνδg
νµ +
(
gµν∇2 −∇µ∇ν
)
δgνµ, (A.26)
then if we integrate by parts we will obtain the following gravitational part of
the integral:∫
d4x
√
gδgνµ
[gµν
2
f(R) + f,RRµν + gµν∇2f,R −∇µ∇νf,R
]
. (A.27)
Since the variation is arbitrary and energy momentum tensor is given by the
known formula:
Sm =
1
2
∫
d4xTµνδg
νµ, (A.28)
we obtain the following f(R) equations:
gµν
2
f(R) + f,RRµν + gµν
[∇2 −∇µ∇ν] f,R = κTµν , (A.29)
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and for f(R) = R the standard relation is obtained. From now we put κ = 1.
Hence taking the trace gives us:
f,RR+ 3∇2f(R) + 2f(R) = T, (A.30)
where T = gνµTµν . The derivation of FLRW equations for the f(R) gravity is
known and can be done, for example like in [26]. The resulting equation for 00
component (A.29) is:
f,RR00 +
1
2
f(R)g00 − ∂20f,R + g00∇2µf,R = g00T 00 , (A.31)
where we have for FLRW metric:
g00∇2f,R = 3Hf˙R + f¨R, (A.32)
so we get:
f,RR00 +
1
2
f(R)g00 + 3Hf˙R = T00, (A.33)
so, with help of (2.17, 2.25), we get the second Friedmann equation:
f,R
(
3H2 − 1
2
R
)
+
1
2
f(R) + 3Hf˙,R = ε, (A.34)
while with the help of trace equation (A.30) we get the first one:
− 6f,R(H˙ + 2H2) + 3f¨,R + 2f(R) = (ε− 3p), (A.35)
for f(R) = R one can conceive himself that they are the same as (2.22, 2.23). In
general to solve equations f(R) has to be specified. Still, even for Starobinsky
action f(R) FLRW equations posses very complicated structure, however for
inflation case not all terms are relevant.
A.5 Cauchy surfaces and Killing vectors
A.5.1 Killing vectors
Symmetries are essential for solving equations, especially so complicated as Ein-
stein Equations. If metric in some coordinate basis is independent from a co-
ordinate β, then: gµν;β = 0. Then any curve x
α = cα(λ) can be shifted in the
β direction, and let ∆xβ = ε. Let us compare length (from λ1 to λ2) of two
curves [8].
Non-shifted:
L =
∫ λ2
λ1
[
gµν(x(λ))
dxµ
dλ
dxν
dλ
]1/2
dλ,
shifted:
L() =
∫ λ2
λ1
[{
gµν(x(λ)) + ε
∂gµν
∂xβ
}
dxµ
dλ
dxν
dλ
]1/2
dλ,
but gµν;β = 0, so dL/dε = 0. Let us define Killing vector as:
ξ = d/dε =
∂
∂xβ
(A.36)
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One can show that it satisfies Killing equation:
ξµ;ν + ξν;µ = 0. (A.37)
From (A.19) and (A.37) we can deduce a theorem:
Theorem 1. Scalar product of Killing vector with a vector tangent to a geodesic
is constant along this geodesic, namely: P = ddλ
Pβ := P · ξ = constans (A.38)
Killing vectors are very useful in solving geodesic equations [8], but also we can
use them to inspect global structure of spacetime when a Killing vector is glob-
ally defined or clasify solutions to Klein-Gordon equation in curved spacetime,
we briefly discuss in [B].
A.5.2 Cauchy surfaces and hyperbolicity
Worldlines of particles are modeled by causal curves:
• Future / Past development called also as domain of dependence or
causal domain of the point p is a set, which:
J±(p) = {q ∈M : exists future/past causal γ(t) : γ(0) = p, γ(1) = q} ,
(A.39)
we can define in analogy future / past development for a set S: J±(S),
such that every curves intersects S.
• Future / Past lightcone from the point p:
V ±(p) =
{
q ∈M : q ∈ J± and γ(t) is future/past directed null geodesic}
(A.40)
We define full domain of dependence as:
J(S) = J+(S) ∪ J−(S) (A.41)
Definition 7. A spacetime satisfies the causality conditions when there is
no closed causal curves. For instance M mustn’t be compact[5] to satisfy those
conditions.
Now we would like to introduce Cauchy Surfaces, which enable us to pro-
vide the description of simultaneity. Let us consider a spacetime (M, g), time-
orientation is chosen [27, 57, 59].
Theorem 2. Let S be a (nonempty) closed achronal set with edge (S) = ∅.
Then S is a three-dimensional, embedded, C0 submanifold of M, where M is
spacetime manifold.
Definition 8. Cauchy surface Σ is a closed achronal set for which J(Σ) =
M.
Obviously edge of Cauchy surface is empty, thus by theorem [2] Cauchy surface
is an embedded C0 submanifold ofM. One may think about Σ as representing
“instant of time” surface in spacetime.
65
Definition 9. We say that spacetime (M, g) is globally hiberbolic, when it
posses Cauchy surface.
The following theorem [5] shows that spacetimes with Cauchy surface are special:
Theorem 3. These conditions are equivalent:
1. spacetime M is globally hiperbolic,
2. M≈ R× Σt and every Σt is a Cauchy surface,
3. there are no causal closed curves and ∀p,q∈MJ+(q) ∩ J−(p) are compact.
Many common spacetimes posses Cauchy surface, for example: Minkowski
spacetime, spacetime with FLRW metric, Rindler wedge in Minkowski. Space-
time which is not globally hiperbolic is anti-deSitter spacetime, this quantity
is related to AdS/CFT correspondence [37]. Global hiperbolicity will be a cru-
cial property, when we want to quantise a theory on curved spacetime. It will
guarantee us uniqness of Green function and proper definition of the theory, for
further details see chapter [B].
Definition 10. We say that metric (g) is stationary, when it has a future
directed time Killing vector, so the general form of this metric is[27]:
ds2 = α2(y)dt2 − ωidtdxi − hij(y)dxidxj ,
where α2(y) > 0, hij has signature (+,+,+). If we can choose Σt such that
ωi = 0, we say that this metric is static.
For stationary metric we can construct Hamiltonian which will be strictly pos-
itive and not depending on time, which is the case in section B.
B Quantum field theory in curved space-time
B.1 General Introduction
Noninteracting quantum field theory in Minkowski spacetime, assuming there
is no gravity at all, can be solved exactly. We just simply write down free
classical lagrangian and quantise it. Sometimes its not very trivial, for exam-
ple for electromagnetic field, but in the end free theory is quantised and can
be solved exactly. Interactions cause much more trouble, but still can calcu-
late some Feynman diagrams to get perturbative expansion or use other tools
like symmetries or path integral formulation. When we consider noninteracting
QFT on classical gravity background, things are slightly different. In that case
when we write Euler-Lagrange equations, the solutions depends on the metric
and are non-trivial ones, often without analytical solutions. Moreover, even the
simplest field to describe, ie noninteracting scalar field gives interesting physical
predictions like Unruh effect or Hawking radiation. Even though inflation is
analysed on the classical level, however the inhomogeinities needs to be quan-
tised. So inflation is one among the motivations for the study of QFT on curved
background.
Let us start with the action [43] of scalar field in curved spacetime:
S =
∫
d4x
√
|g|
(
1
2
gµνφ,µφ,ν − V (φ)
)
, (B.1)
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using E-L equations we obtain Klein-Gordon equation in a form:
gµνφ,µν +
1√|g|
(
gµν
√
|g|
)
,µ
φ,ν − ∂V
∂φ
= 0. (B.2)
In case of our study we would like to study FLRW (2.10) metric, then (B.2)
takes the form: (
1
a3
∂t(a
3∂t)− a−2∆h
)
φ(t, y) =
∂V
∂φ
. (B.3)
We have canonical structure, namely: pi(t, y) = a3
√|h|φ˙ is the canonical conju-
gated momenta and the Poisson equation:
{pi(t, y), φ(t, y′)} = δy(y′)
And the Hamilton equation of motion are:
p˙i =
(
a∆hφ− V (φ)
φ
a3
)√
|h|, (B.4)
φ˙ =
1
a3
√|h|pi. (B.5)
So we have the hamiltonian:
Ht =
∫
1
2
(
a−3
√
|h|−1pi2 + a
√
|h|hijφ,iφ,j + a3
√
|h|V (φ)
)
. (B.6)
From now on for simplicity we will assume V (φ) = M2φ2 to have free theory of
massive scalar real field. We will rewrite action in conformal coordinates [43],
namely: dt = a(η)dη and χ(η) = a(η)φ:
S =
1
2
∫
d3xdη
(
(χ′)2 − (∇χ)2 −m2eff (η)χ2
)
, (B.7)
where:
m2eff (η) = M
2a2 − a
′′
a
,
and Klein - Gordon equation is then:
χ′′ −∆χ+m2effχ = 0. (B.8)
We can expand χ using Fourier modes:
χ(x, η) =
∫
d3k
(2pi)3/2
χk(η)e
ik·x,
then for each mode χk we obtain K-G:
χ′′k +
[
k2 +m2a(η)− a
′′
a
]
χk = χ
′′
k + ω
2
k(η)χk = 0, (B.9)
so the general solution can be written as [43]:
χk(η) =
1√
2
[
a−k v
∗
k(η) + a
+
−kvk(η)
]
. (B.10)
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Of course due to χ being real we have a relation: a+k = (a
−
k )
∗. So far it looks
like in Minkowski case, despite of the dependence of v(η) on η, which will cause
lots of problems while quantising the theory. So here is the first trouble. How
to define vacuum? In Minkowski vacuum was the state which was SO(1, 3)
invariant. In case of curved spacetime there is no state which is invariant under
change of reference frame, but nevertheless we will quantise this theory and we
will addresss this problem in next paragraph B.2. Let us introduce commutation
relation, namely:
[a, b] = i{a, b} (B.11)
where a, b is Poisson bracket. So we obtain such equal time commutation rela-
tions:
[χˆ(x, η), pˆi(y, η)] = iδ(x− y), [χˆ(x, η), χˆ(y, η)] = 0, [pˆi(x, η), pˆi(y, η)] = 0.
We define field operator as:
χˆ(x, η) =
∫
d3k
(2pi)3/2
1√
2
(
eik·xv∗k(η)aˆ
−
k + e
−ik·xvk(η)aˆ+k
)
, (B.12)
where vk obeys the relation:
v′′k + ω
2
k(η)vk = 0
So we have standard comutation relations:
[aˆ−k , aˆ
+
k′ ] = δ(k− k′), [aˆ−k , aˆ−k′ ] = 0, [aˆ+k , aˆ+k′ ] = 0. (B.13)
So far so good. Let us for a moment switch to physical time t. We would like
to introduce vacuum as state annihilated by aˆ−k , but here arise a problem. For
which t should we take aˆ−k . We will start with definition of vacuum for a given
Cauchy surface as:
aˆ−k (η)|0〉t = 0. (B.14)
Let us now construct a unitary transformation between time t and t′ so we
would like to compare vacuums for both times. This unitary transformation is
so called Bogoliubov transformation and its a intertwining map between Fock
space in time t and t′. Let us change notation a little bit: a±k (t) = A
±
k,t, for a
given k. In general we have:(
A+k,t
A−k,t
)
=
(
p q
r s
)(
A+k,t′
A−k,t′
)
(B.15)
the transformations have to satisfy 3 conditions (which are conditions on coef-
ficients of transformation):
• reality:
A−k,t = (A
+
k,t)
∗ = q¯A+k,t′ + p¯A
−
k,t′ ⇒ q¯ = r and p¯ = s
• preservation of commutator:
1 = [Aˆ−k,t, Aˆ
+
k,t] = (|p|2 − |q|2)
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• Anihilation of vacuum:
0 = Aˆ−k,t|0〉t =
(
q¯Aˆ+k,t′ + p¯Aˆ
−
k,t′
)
|0〉t,
as we can see that in general vacuum state for t is not a vacuum state for t′,
since any of the restrictions gives the condition that Aˆ−k,t annihilates vacuum for
any time. Let us introduce number of particles operator for a given momentum
k operator in time t′ as:
Nˆk,t′ = Aˆ
+
k,t′Aˆ
−
k,t′ . (B.16)
One can calculate expectation value on the vacuum state at time t [27]:
〈0|tAˆ+k,t′Aˆ−k,t′ |0〉t = 〈0|t(p¯Aˆ+k,t − qAˆ−k,t)(−q¯Aˆ+k,t′ + pAˆ−k,t)|0〉t = |q|2,
so expectation value of Nt′ on |0〉t in general is not zero. This simple calculation
presents that in curved-spacetime the intuitive definition of vacuum as a state
with average particle number identically zero is completely false. Then the
concept of number of particles is not well defined for whole spacetime. Still
for any given time we can define vacuum. Maybe we can find some unitary
transformation between each vacuum?
B.2 Vacuum state
There are many ways to define vacuum. Here we will present one, so called
instantaneous vacuum, which is related to a notion of vacuum as a minimal
energy state. Let us select a moment of time η = η0. Then let us define
instantaneous vacuum |0〉η as state of minimum energy for a hamiltonian
Hˆ(η) at the time η0. Then we have to minimalize (v)〈0|Hˆ(η0)|0〉(v) to find
vk(η0). Using mode expansion we obtain following hamiltonian (B.6, B.12) [43]:
Hˆ(η) =
1
4
∫
d3k
[
aˆ−k aˆ
−
−kF
∗
k + aˆ
+
k aˆ
+
−kFk +
(
2aˆ+k aˆ
−
k + δ
3(0)
)
Ek
]
, (B.17)
where Fk and Ek are defined by:
Ek := |v′k|2 + ω2k|vk|2, (B.18)
Fk := v
′
k
2 + ω2kv
2
k. (B.19)
Then the expectation value of Hamiltonian is:
(v)〈0|Hˆ(η0)|0〉(v) = 1
4
δ3(0)ε =
1
4
δ3(0)
∫
d3kEk|η=η0 , (B.20)
where δ3(0) comes from the fact that the total volume of space is infinite [43].
Now we have to determine vk(η) for each mode separetely. After some calcula-
tions we obtain that:
vk(η0) =
1√
ωk(η0)
, v′k(η0) = iωkvk(η0), (B.21)
however this approach works only for ω2k(η0) > 0, otherwise the instantaneous
lowest-energy vacuum state cannot be found. Generally speaking the notion of
vacuum in curved spacetimes is a problematic issue. For some class of space-
times number of particles for time η′ is infinite for |0〉η vacuum. Then one can
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introduce so called adiabatic vacuum. However, for stationary spacetimes
the hamiltotian is time independent and we have space of solutions defined by
Killing vector transformation:
Ttφ(s) = φ(s− t), (B.22)
and uniqueness of vacuum comes from the positivity of hamiltonian. For com-
pact Cauchy surface we have very convenient and easy to check condition:
Theorem 4. If M > 0 in Hamiltonian with V (φ) = Mφ2, then exists unique
stationary Fock vacuum for which creation/anihilation observables are obtained
with respect to time evolution hamiltonian.
For non compact Cauchy surface case is much more delicate and is far beyond
our investigation [27, 43]. However, for QFT in curved spacetime the most
convenient way to define the theory is using two point functions as basic objects:
λ(s, s′) = 〈φ(s), φ(s′)〉.
This kind of construction of Hilbert space using two-point functions is called
GNS construction. In these approach one can avoid many difficulties associated
with canonical quantisation of fields. However, as we have said, we are not going
into details.
The Inflatons are in general massive particles either by having explicit mass
term or by Coleman-Weinberg mechanism [9]. The inflation scenario is de-
scribed by classical scalar field / fields which causes the accelerated expansion
of the Universe. The quantum perturbations of the scalar field induce the scalar
and tensorial gravitational perturbations. The tensorial modes is associated to
gravitational waves and one has to quantise them to obtain the proper picture.
Even thoughgh the quantum gravity theory is far from being complete and
understand, inflation scenario predicts that there should be such a theory to
describe the origin of perturbations, which evolve into galaxies and eventually
our planet.
B.3 WKB method
In section 3.2 we have discussed inflation equations, which turns out to be 1D
Klein-Gordon equation in curved spacetime with constraint - Friedmann equa-
tion (2.30). For the equations of this kind exists so called WKB approximation
[46]. In our case we will expand solution in Planck constant ~. The equation we
are analysing in the Klein-Gordon equation in FLRW background for massive
scalar field (B.2). If we decompose it in by the Fourier transform and rewrite
(B.9) with ~ and using φ we obtain:
− ~2a−3∂t
(
a3∂tφm
)− (a−2λ(m) +M2)φm = 0 (B.23)
where m states for are Fourier decomposition coefficients and λ(m) are coeffi-
cients related to those. We postulate solution up to order k+ 1 in ~: φ˜m = eiS˜ ,
with S˜ = 1~S + S0 + ~S1 + . . .+ h
n+1Sn+1. This approximation works best for
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large values of m. Lets calculate the outcome [27] up to some order k:
KGφ˜m =
S˙2 + 2∑
k 6=0
~k+1S˙S˙k +
∑
k
~2k+2S˙2k +
∑
k<j
~k+j+2S˙kS˙j
−i(~S¨ + ~2S¨o + . . .)− (a−2λ(m) +M2)
}
eiS˜ = O(~k+3),
and expand in ~ to calculate S, S0 and Si:
~0 :S˙2 − (a−2λ(m) +M2) = 0 (B.24)
~1 :2S˙S˙0 − 3i a˙
a
S˙0 − iS¨ = 0 (B.25)
~2 : . . .
For S we have two independent solutions:
S± = ±
∫ √
a−2λ(m) +M2, (B.26)
from which we will denote full solutions as φ˜±m = e
iS˜± . Moreover, one can proof
that:
• (S+k )′ = −(S−k )′ for odd k,
• (S+k )′ = (S−k )′ for even k.
Now we have to analyse Poisson brackets of solutions:
G(t, t′) = −i~
[
φ˜−m(t)φ˜
+
m(t
′)− φ˜+m(t)φ˜−m(t′)
]
Then:
1 = 2a3(t)G(t, t′),t,t=t′ (B.27)
From the condition above we can find algebraic relations for S2k, in particular
for S0:
S0 = i
1
2
ln(2a3S˙)
In this paragraph we presented the most common way of solving Klein-Gordon
equation in curved spacetime. This method is used, for example, to describe
tensorial perturbations caused by inflation.
C Einstein and Jordan frames
As we have seen in section 3.7, theories of gravity with non-minimally coupled
scalar fields and R2 gravity theory are related to each other via conformal trans-
formation. In this chapter we will provide a systematic derivation of conformal
mapping which is used in broad parts of text, especially in sections 6.1, 6.2.
Einstein frame is a frame where R is canonically coupled, ie fE(R) =
M2P
2 R.
The Jordan frame is the frame where scalar(s) field possess canonical kinetic
term(s). For some Lagrangians there are such transformations of fields and co-
ordinates which gives both canonical R coupling and kinetic terms in canonical
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form. Due to their physical equivalence [48], we can perform calculations in
any of those frames. So at first, basing on [25], we will analyse one field cou-
pled to gravity. Then we will show that generally there is no transformation
which gives Lagrangian in Einstein frame and standard kinetic terms for multi-
ple fields and show what conditions needs to be imposed to assure existence of
such transformation.
C.1 One field analysis
Let us now take a general scalar field action coupled non-minimally to gravity:
S =
∫
dDx
√
|g|
[
−f(φ)R+ ∂µφ∂
µφ
2
− U(φ)
]
(C.28)
Firstly we will investigate the f(φ)R part. After a conformal mapping we obtain:∫
dDx
√
|g|f(φ)R =
∫
dDx
√|g|
ΩD
[
Ω2Rˆ+
2(D − 1)
Ω
Ω
+
(D − 1)(D − 4)
Ω2
gνµ∇µΩ∇νΩ
]
. (C.29)
To go to Einstein frame we use following transformation:
ΩD−2(x) = 2f(φ). (C.30)
After using the fact that ∂µ = ∂ˆµ = ∇µ we finally obtain [25]:∫
dDx
√
|g|f(φ)R =
∫
dDx
√
|g|1
2
[
Rˆ− (D − 1)(D − 2) 1
Ω2
gˆµν∇ˆµΩ∇ˆνΩ
]
.
(C.31)
Now we consider scalar field part, where:
Vˆ =
V (φ)
ΩD
, (C.32)
and we have: ∫
dDx
√
|g|
[
1
2
gνµ∇µφ∇νφ− V (φ)
]
=∫
dDx
√
|gˆ|
[
1
2ΩD−2
gˆµν∇ˆµφ∇ˆνφ− Vˆ
]
. (C.33)
Then the full action in the transformed frame is the following:
S =
∫
dDx
√
|g|
[
−1
2
Rˆ+
1
2
(D − 1)
(D − 2)
1
f2
gˆµν∇ˆµf∇ˆνf + 1
4f
gˆµν∇ˆµφ∇ˆνφ− Vˆ
]
.
(C.34)
In one field case we can find a transformation: φ→ φˆ such that:
1
2
gˆµν∇ˆµφˆ∇ˆν φˆ = 1
2
(D − 1)
(D − 2)
1
f2
gˆµν∇ˆµf∇ˆνf + 1
4f
gˆµν∇ˆµφ∇ˆνφ, (C.35)
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moreover we can relate them in a direct way:
dφˆ
dφ
= F (φ) =
√
1
2f2(φ)
√
f(φ) +
2(D − 1)
D − 2 [f
′(φ)]2, (C.36)
then the action in rescaled variables has both canonical Einstein-Hilbert action
and the canonical term for the scalar field. If we will take the potential in the
Jordan frame as:
U(φ) = M2(f − 1)2, (C.37)
which is the one that guaranties the flat plateau, so the slow roll. Then for the
Einstein frame we get (for D = 4):
Uˆ = M2
(f2 − 1)2
4f2
= M2
(
1− 1
f
)2
. (C.38)
Then one can also calculate the number of e-folds, spectral index / tilt or tensor
to scalar ratio in a closed form:
N =
∫
Hdt '
∫
V
V,φ
(
dφˆ
dφ
)2
dφ =
∫
f − 1
2ff ′
(
f +
3
2
f ′2
)
dφ. (C.39)
Moreover, if f ′2  f , then:
N ' 3(f − log f)/4, (C.40)
then for particular f one can provide a relation between , η and number of
e-folds. This is exactly the case for Higgs particle nonminimally coupled to
gravity as Inflaton, where: f(φ) = 1 + ξh2 and F (φ) can be calculated, see
(6.5).
C.2 Two field analysis
Here we will perform a general study of two scalar fields coupled to gravity,
extension to more fields can be found in [25]. Let φ1, φ2 be scalar fields coupled
to gravity, for D dimensions we have the following action:∫
dDx
√
|g|
[
−f(φ1, φ2)R+ 1
2
δijg
νµ∇µφi∇νφj − V (φ1, φ2)
]
. (C.41)
Let us know perform conformal transformation: gµν → gˆµν with the term Ω2(x).
The steps of the transformation for the gravitational part are exactly the same
and gives, using (C.30):∫
dDx
√
|g|f(φi)R =
∫
dDx
√
|gˆ|
[
1
2
Rˆ− 1
2
(D − 1)
(D − 2)
1
f2
gˆµν∇ˆµf∇ˆνf
]
, (C.42)
where:
∇ˆµf =
(
∇ˆµφi
)
f,i. (C.43)
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The scalar part transforms similarly to (C.33), using (C.32) we find:∫
dDx
√
|g|
[
1
2
δijg
νµ∇µφi∇νφj − V (φ1, φ2)
]
=∫
dDx
√
|gˆ|
[
1
4f
δij gˆ
µν∇ˆµφi∇ˆνφj − Vˆ
]
. (C.44)
So finally the action becomes:∫
dDx
√
|gˆ|
[
−1
2
Rˆ+
1
2
(D − 1)
(D − 2)
1
f2
gˆµν∇ˆµf∇ˆνf + 1
4f
δij gˆ
µν∇ˆµφi∇ˆνφj − Vˆ
]
.
(C.45)
There arises a question whether there is such a field transformation that gives
canonical kinetic term structure. Let us rewrite [25] the action in terms of
metric in field space Gij . From now on we will also skip hat notation:∫
dDx
√
|g|
[
−1
2
R+
1
2
Gijgνµ∇µφi∇νφj − Vˆ
]
, (C.46)
with
Gij = 1
2f
δij +
(D − 1)
(D − 2)
1
f2
f,if,j . (C.47)
The necessary condition for the conformal transformation: Gij → Gˆij = δij to
exist (which gives Minkowski spacetime in fields space) is that all the Riemann
tensors coefficients vanish. Let us now focus on Rˆ = GˆijRˆkikj . We know that if
Rˆ 6= 0, then Rijkl 6= 0. Therefore its sufficient to demonstrate that Rˆ 6= 0 for
Gij . Let us first rescale Gij :
Gij → G˜ij = 2fGij = δij + 2(D − 1)
D − 2
1
f
f,if,j , (C.48)
then R˜ takes the following form:
R˜ =
2(D − 1)(D − 2)
L(φ)
[2ff11f22−f2,1f,22−f2,2f,11−2f,12(ff,12−f,1f,2)], (C.49)
where:
L(φi) =
[
(D − 2)f + 2(D − 1)
∑
i
f2,i
]2
. (C.50)
Moreover, we know [25] that for two fields (in two dimensional) case: R˜ijkl ∝
R˜. Since then, if and only if Riemann tensor vanishes, one can find such a
transformation. Below we will show that for most typical f it is impossible. If
we denote φ1 = φ and φ2 = χ and take f(φ, χ) as:
f(φ, χ) =
1
2
[
MD−2 + ξφφ2 + ξχχ2
]
, (C.51)
then according to (C.49, C.50) we obtain:
L(φ, χ)R˜ = 2(D − 1)(D − 2)ξφξχMD−2, (C.52)
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therefore we see that, for D > 2 only if M = 0 one can find such a conformal
transformation that would bring both the gravitational and kinetic terms into
canonical form. This implies a further condition on ξi, namely:
ξφφ
2 + ξχχ
2
MD−2
≫ 1, (C.53)
to obtain the canonical Einstein and kinetic term.
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